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Abstract 



We perform a comprehensive analysis of the Toorop-Feruglio-Hagedorn (TFH) mix- 
ing patterns within the family symmetry A(96). The general neutrino mass matrix for 
the TFH mixing and its symmetry properties are investigated. The possible realiza- 
tions of the TFH mixing in A (96) are analyzed in the minimalist approach. We propose 
two dynamical models which produce the TFH mixing patterns at leading order. The 
full flavor symmetries are A(96) x Z3 x Z3 and A(96) x Z5 x Zi respectively. The next 
to leading order terms introduce corrections of order to the three mixing angles 
in both models. The allowed mixing patterns are studied under the condition that 
the Klein four subgroups and the cyclic Zn subgroups with N > 3 are preserved in 
the neutrino and the charged lepton sector respectively. We suggest that the deformed 
tri-bimaximal mixing is a good leading order approximation to understanding a largish 
reactor angle. 
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1 Introduction 



In the past years, neutrino physics made great progress, neutrino oscillation and tiny 
neutrino masses have been established. The mass squared differences and the mixing angles 
are known with good accuracy. Recently the T2K [I] and MINOS [2j Collaborations reported 
the evidence for a relatively large #13 at the level of 2.5a and 1.7a respectively. Combining 
the data from T2K, MINOS and other experiments, the global fit to the neutrino oscillation 
data indicates #13 > at 3a confidence level [2111], although the magnitude of #13 still suffers 
from large uncertainties, and it yields 

sin 2 # 13 = 0.013^05(0-016^06), at la, (1) 

where the result shown in parentheses corresponds to the inverted neutrino mass hierarchy. 
A non-zero #13 is also verified by the first results from Double CHOOZ [5]. 

So far considerable efforts have been devoted to the well-known tri-bimaximal (TB) mix- 
ing |6], it is found that the TB mixing can be naturally produced via the spontaneous 
breaking of certain discrete flavor symmetries, and many beautiful models were constructed, 
please see Refs. [7H9] for review. The deviations from the TB mixing can arise due to the cor- 
rections from the higher- dimensional operators, and the three mixing angles generally receive 
corrections of the same order of magnitude except some special dynamics are introduced |10j . 
Therefore the reactor angle is expected to be at most of order A 2 , where A c is the Cabibbo 
angle, since the experimentally allowed departure of #12 from its TB value sin 2 9\2 = 1/3 is of 
order A 2 . If it is confirmed that #13 is close to its present central value in the near future, the 
TB mixing may not be a good leading order (LO) approximation any more. Many proposals 
have been put forward to accommodate a non-zero #13 [TTHTH] . In fact, there were already 
some discussions [T^|[T5] about non-zero reactor mixing angle even before the T2K data. In 
general, there are two approaches to understanding a largish 9 ri . The first one is starting 
from some textures which could be outside the current 3a allowed range, and the sizable next 
to leading order (NLO) corrections would pull the three mixing angles into the experimen- 
tally preferred range. Ref. [TB] is a typical realization of this approach, where the bimaximal 
mixing is derived as the LO mixing pattern, the solar and the reactor angles get corrections 
of order A c while the atmospheric angle keeps intact at NLO. The second one is to directly 
produce some LO approximation textures, which are in good agreement with the present 
data, then the NLO corrections should be mild in this case. By analyzing the symmetry 
breaking of the finite modular group T^, Feruglio et al. proposed that two attractive mixing 
textures with sin 2 13 = (2->/3)/6, sin 2 9 12 = (8-2 v / 3)/13, sin 2 9 23 = (5 + 2^/13, 5 C p = tt 
and sin 2 9 13 = (2 — \/3) /6, sin 2 12 = sin 2 #23 = (8 — 2\/3) /13, Sep = can be generated if we 
choose A (96) as the flavor symmetry and further break it into the Klein four (K4) and Z3 
subgroups in the neutrino and charged lepton sectors respectively [UJ[T2]. Henceforth, we 
shall call these two mixing patterns as TFH1 and TFH2 textures respectively, where THF 
is the abbreviation of the author names Toorop-Feruglio-Hagedorn. They are denoted as Ml 
and M2 in Refs. [TT| [T2]. Obviously TFH1 and TFH2 predict the same solar mixing angle #12 
and the reactor mixing angle 613, they only differ in the suggested value for the atmospheric 
mixing angle 023- Note that 9 12 for TFH mixing is slightly below the 3a upper limits of the 
two global fits in Refs. [Hill], #13 lies in the 3a range of Ref. [1] nevertheless it is larger than 
the 3a upper bound of Ref. [HJ. For the TFH1 mixing, #23 is marginally above the 3a upper 
limit of Refs. [HJH], while it is a bit larger (smaller) than the 3a lower bound of Ref. [1] 
(Ref. [3]) in the case of TFH2 mixing. 

Given the recent experimental evidences for a relatively large #13 [HOE) , it is interesting 
to investigate whether we can and how to consistently derive the TFH textures within the 
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framework of A (96) family symmetry, this is the motivation of the present work. In this 
paper, we perform a comprehensive exploration of the THF textures based on A(96), two 
flavor models giving rise to TFH1 and TFH2 textures are built. In both models, the neutrino 
sector is invariant under a subgroup at LO while A(96) is broken completely in the 
charged lepton sector, and the hierarchies among the charged lepton masses are produced. 
Furthermore, we study all the possible mixing patterns and the generated groups if the flavor 
symmetry group A (96) is broken into the K± and (N > 3) subgroups in the neutrino 
and charged lepton sectors respectively. 

This article is organized as follows. In section 2, we discuss the symmetry properties 
of the general neutrino mass matrix which leads to the TFH mixing patterns in the flavor 
basis. Some basic features of A(96) group are recalled in section 3. We proceed to the model 
building in the so-called minimalist approach in section 4, where the different assignments 
of the involved fields are presented. The structures of the models for the TFH1 and TFH2 
mixing are described in section 5 and section 6 respectively, where both the vacuum alignment 
and the next to leading order corrections are discussed in detail. In section 7, we explore the 
possible mixing patterns by requiring that the and Z^(N > 3) subgroup are preserved 
in the neutrino and charged lepton sectors respectively. Finally section 8 is devoted to 
our conclusions. We report the representation matrices for the group generators and the 
connection with the Escobar-Luhn basis in Appendix A. The collection of the Clebsch- 
Gordan coefficients is listed in Appendix B. 



2 Neutrino mass matrices for the THF mixings 

Given the mixing parameters sin 2 6> 13 = (2 — \/3)/6, sin 2 Qyi = (8 — 2\/3)/13, sin 2 8 23 = 
(5 + 2^/13 and Sep = 7r for the THF1 mixing, in a particular phase convention, the 
corresponding Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix is given by 

/ |(3 + >/3) ±(-3 + V3)\ 



TFHl 



;-3 + y/3) 



\ 



1 



1 
1 

V3 

1 

v/3 



|(3 + y/3) 



1 



(2) 



/ 



where we absorb the Majorana phases into the light neutrino mass eigenvalues. In the basis 
where the charged lepton mass matrix is diagonal, the TFHl light neutrino mass matrix can 
be constructed by acting with Utfhi on a generic diagonal neutrino mass matrix. 

TFHl 



m, 



UT FH1 6iag(m 1 ,m 2 , m 3 )U^ FH1 



1, 



— -1 



m 3 
6 



■1 - y/3 

-1 
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V3 
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(3) 



where 7711,2,3 are the light neutrino masses, they are complex to account for the Majorana 
phases. We notice that the neutrino mass matrix m^ FH1 is characterized by the following 
relations 



(m™ 1 ) 2 3 + K" m )i3 = 2( 
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TFH1\ 



J 12 



TFH1\ 
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This means that there should be some underlying symmetries in m£ FH1 , i.e., G T m TFH1 G u = 
m TFH1 . After some straightforward calculations, we find that, up to an overall sign, the 
symmetry transformation G u takes the following forms 



Gi = - -1 -1-V3 -1 + V3 , G 






G3 = -\ -1 -1 + V3 -1-V3 , (5) 



beside the identity transformation. It is easy to check that the above symmetry matrices 
satisfy the relations 

G\ = 1, GiGj = GjGi = G k with i^j^k. (6) 

Consequently the symmetry group of the neutrino mass matrix m TFH1 is K±, this is a general 
result for the mass independent leptonic mixing patterns [20J. Conversely, if a light neutrino 
mass matrix is invariant under the unitary transformations shown in Eq.(jS]), it is exactly 
diagonalized by the TFH1 mixing matrix. 

The TFH2 mixing matrix can be obtained by exchanging the second and third rows of 
the TFH1 texture, 
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/ |(3 + V3) 4g I(-3 + V3)\ 

U T FH2 ~ V3 V3 V3 

VK-3 + V3) ^ |(3 + V3) J 

which leads to the mixing angles sin #13 = (2 - v/3)/6 and sin 2 9 12 = sin 2 9 23 = (8 - 2 ^3) /13 
together with 8c p = 0. In the flavor basis, the general neutrino mass matrix diagonalized 
by Utfh2, is of the following form 

TFH2 _ ^1 

lit,, 

6 



2 + y/3 


-1 


-Vs 


-1-V3 
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-1 


-1 


+ V3 


2- V3 


-1 


+ Vs 


-1 + V3 




2 


-1 


-1 


-V3 




+ ^ I -1 + V3 2 -I -y/3 I . (8) 

We note that m TFH2 is related with m TFHl by permutating the second and third rows and 
columns simultaneously: 

rm TFH2 rp TFHXrp / n \ 

m v = T 23 m u T 23, (9) 

where 

I I 0\ 

T 23 = 1 . (10) 

\o 1 oj 

A symmetric matrix has 6 independent elements in general, whereas there are only 3 pa- 
rameters mi, m 2 and m 3 in the mass matrix m TFH2 . As a result, 3 additional constraints 
should be satisfied between the elements of m TFH2 . 



(™™)i 2 + (m™) 23 = 2(m™ 2 )i3 

(-™ 2 )is + (m™ 2 ) 22 = (m™)n + (-™)i 2 

TFH2\ , ( m ,TFH2\ (TFH2\ , r,/^TFH2\ 



2(m--)i 3 + = (m--)n + 2(m-- ) 12 . (11) 



3 



Following the same procedure as above, we find that rn^ FH2 is invariant under the action of 
the following three unitary transformations 

G'- 1 



1 + V3 -1 


-Vs 




-1 


1 - v/3 


-l 


-1 


+ V% 


-1 -1 


+ y/3 


-1 


-V3 


1-V3 -1 


+ y/3 
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-Vs 
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+ V3 




G' 3 = 3 | -1 + V3 -1 -1-V3 I . (12) 

These symmetry matrices G' 123 satisfy the relations given in Eq.([6]), they form a K± group 
as well. It is interesting to note that G' 2 = G 2 , the reason is that (1, 1, 1) T / a/3 is the second 
column of both Utfhi an d Utfh2- 



3 The A (96) group 

A(96) belongs to the group series A(6n 2 ) with n = 4, the mathematical aspects of the 
groups of type A(6n 2 ) have been worked out in detail |18j . In the case of n = 2, A (24) 
is isomorphic to the widely studied family symmetry S4. The A (96) is a non-abelian finite 
subgroup of SU(3) of order 96, it is isomorphic to (Z 4 x Z4) x S3, and it can be conveniently 
defined by four generators a, b, c and d obeying the relations: 

a 3 = b 2 = (abf = c 4 = d 4 = 1 
cd = dc 
aca~ x = c -1 ^ -1 , ada' 1 = c 

bob- 1 = d~\ bdb- 1 = c" 1 . (13) 

Note that the generator d is not independent, it can be expressed in terms of the generators 
b and c. The 96 group elements are divided into 10 conjugate classes as follows: 

C a : 1 

C 2 : cd 2 , cd 3 , c 2 d 3 

C 3 :c 2 ,d 2 ,c 2 d 2 

C 4 : c 2 d, c 3 d, c 3 d 2 

C 5 : c, d, cd, c 3 , d 3 , c 3 d 3 

Cq : a, ac, ac 2 , ac 3 , ad, ad 2 , ad 3 , acd, acd 2 , acd 3 , ac 2 d, ac 2 d 2 , ac 2 d 3 , ac 3 d, ac 3 d 2 , ac 3 d 3 , a 2 , a 2 c, 

22 23 2> 2t2 2t3 2> 2t2 2t3 22t 22 t2 22 t3 2 3j 2 3j2 2 3j3 

a c ,a c ,a d,a d ,a d ,a cd,a cd ,a cd ,a c d,a c d ,a c d ,a c d,a c d ,a c d 
C-j : ab, abc, abc 2 , abc 3 , a 2 b, a 2 bd, a 2 bd 2 , a 2 bd 3 , b, bed, bc 2 d 2 , bc 3 d 3 
C$ : abd, abed, abc 2 d, abc 3 d, a 2 bc 3 , a 2 bc 3 d, a 2 bc 3 d 2 , a 2 bc 3 d 3 , be, bc 2 d, bc 3 d 2 , bd 3 
Cq : abd 2 , abed 2 , abc 2 d 2 , abc 3 d 2 , a 2 bc 2 , a 2 bc 2 d, a 2 bc 2 d 2 , a 2 bc 2 d 3 , be 2 , bc 3 d, bd 2 , bed 3 
Cio : abd 3 , abed 3 , abc 2 d 3 , abc 3 d 3 , a 2 bc, a 2 bcd, a 2 bcd 2 , a 2 bcd 3 , be 3 , bd, bed 2 , bc 2 d 3 (14) 

Since the number of the un-equivalent irreducible representation is equal to the number of 
class, A(96) group has 10 irreducible representations: two singlets 1 and 1', one doublet 
2, six triplets 3i, 3^, 3i, 3 X , 3 2 and 3' 2 , one sextet 6. We note that 3i and 3 1 are the 
complex conjugate representations of 3i and 3^ respectively, and the representations 3i, 3^, 
3i, 3-,^ and 6 are the faithful representations of the group, while 3 2 and 3' 2 are not. The 
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character table of A (96) is shown in Table [U then the Kronecker product rules for two A (96) 
irreducible representations follow immediately: 

1' <g> 2 = 2, 1' <g> 3i = 3i, 1' © 3i = 3i, 1' © 3i = 3^, l'®3' 1 = 3 1 , 

1' © 3 2 = 3' 2 , 1' © 3' 2 = 3 2 , 1' © 6 = 6, 2 © 2 = 1 © 1' © 2, 2 © 3 X = 3 X © 3' 1; 

2 © 3i = 3i © 3;, 2 © 3i = 3i © 3i, 2 <g> 3"i = 3\ © 3' l7 2 © 3 2 = 3 2 © 3 2 , 

2 © 3' 2 = 3 2 © 3' 2 , 2 © 6 = 61 © 6 2 , 3i © 3i = 3i © 3^ © 3' 2 , 3i © 3i = 3\ © 3~i © 3 2 , 

3i © 3i = 1 © 2 © 6, 3i © 3i = 1' © 2 © 6, 3 X © 3 2 = 3~i © 6, 3i © 3' 2 = 3i © 6, 

3i © 6 = 3i © 3; © 3 2 © 3' 2 © 6, 3; © 3; = 3i © 3"i © 3 2 , 3i © 3~i = 1' © 2 © 6, 

3; © 3i = 1 © 2 © 6, 3; © 3 2 = 3i © 6, 3; © 3' 2 = 3^ © 6, 

3i © 6 = 3i © 3; © 3 2 © 3' 2 © 6, 3i © 3i = 3i © 3i © 3' 2 , 3\ © 3^ = 3i © 3^ © 3 2 , 
3i © 3 2 = 3; © 6, 3i © 3 2 = 3i © 6, 3~i © 6 = 3 X © 3~i © 3 2 © 3' 2 © 6, 
3i © 3i = 3i © 3; © 3' 2 , 3i © 3 2 = 3i © 6, 3~i © 3' 2 = 3'j © 6, 

31 © 6 = 3i © 3i © 3 2 © 3' 2 © 6, 3 2 © 3 2 = 1 © 2 © 3 2 © 3' 2 , 

3 2 © 3' 2 = 1' © 2 © 3 2 © 3 2 , 3 2 © 6 = 3i © 3; © 3i © 3~i © 6, 
3' 2 © 3' 2 = 1 © 2 © 3 2 © 3' 2 , 3' 2 © 6 = 3i © 3\ © 3~i © 3^ © 6, 

6 © 6 = 1 © 1' © 2 S © 2 A © 3i © 3i © 3i © 3~[ © 3 2 © 3 2 © 65 © 6 A , (15) 

where the subscripts "S"' and "A" indicate the symmetric and antisymmetric properties of 
the corresponding representation respectively. The product between the singlet 1 and any 
representation R gives R. The explicit representation matrices for the generators have been 
presented in the Escobar-Luhn basis [18], they are rather simple. However, the resulting 
charged lepton mass matrix is non-diagonal for the TFH mixing patterns. We find useful to 
work in the basis where the representation matrix of the element a 2 cd is always diagonal for 
various representations. The representation matrices for the generators a, b, c and d in our 
basis are listed in Appendix A, and the relation with the Escobar-Luhn basis is discussed. 
The Clebsch-Gordan coefficients for the decomposition of the representation products in our 
basis are reported in Appendix B. 
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Table 1: Character table of the A(96) group, where nc ; denotes the number of the elements contained in 
the class Ci, and hc i is the order of the elements of C;. 
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4 Pathway to TFH mixing within A(96) in effective the- 
ory 

Since the order of A (96) is somewhat larger, it is more complex than the popular flavor 
symmetries v4 4 , 5*4 etc. As a result, there are numerous ways to produce the TFH mixing 
within A(96). In this section, we adopt an effective field theory approach within the so-called 
minimalist framework [19], where the charged lepton masses are generated by the operator 
of the following form 

O t = E c £h d <J)e , (16) 

where E c is the right-handed charged lepton field, I is the lepton doublet field, is the 
down- type Higgs doublet, and <f>£ is the flavon field which breaks the flavor symmetry A (96) 
in the charged lepton sector at LO. Neutrino masses are generated by the high-dimensional 
Weinberg operator 

O v = £hjh u( f)„ , (17) 

where h u is the up-type Higgs doublet, and <p u is the flavon field in the neutrino sector. In 
order to constrain our systematic search, we choose the Higgs fields h Ui d are A (96) singlet 
1, further assume that there is no coupling between the flavon field in the charged lepton 
sector and that in the neutrino sector at LO, this requirement can be satisfied by imposing an 
auxiliary Z n symmetry. We note that the three generation lepton doublets have to transform 
as a triplet irreducible representation [20] • If we assign all of them to singlet, the resulting 
PMNS matrix would be block-diagonal, consequently only two of the three leptons can mix. 
For the assignment of one doublet plus a singlet, the PMNS matrix would be block-diagonal 
or has a zero entry. As in the standard procedure, we assign the fields E°, £, <pi and <p v to 
various representations of A (96), then write down all the flavor symmetry allowed forms of 
the operators Oi and O v . The possible assignments leading to TFH1 mixing are listed in 
Table [2J it is remarkable that the lepton doublet I can not be assigned to the triplet 32 or 
3' 2 . To generate TFH mixing, the vacuum expectation value (VEV) of (pi should be aligned 
as follows: _ 

( ^-\ (0,0, ,3,0,0,, 6 ), fc~6. (18) 

The vacuum configuration of 0„ is 

{<Pu) \ ( Ul ,« 2 ,( Ul + « 2 )/2), 0„~3' 2 1 ' 

We note that the above vacuum of (pg breaks A (96) into the Z 3 subgroup generated by a 2 cd, 
and the VEV of <p v breaks A (96) into the K± subgroup generated by the elements a 2 bd 
and d 2 . Due to the existence of these residual symmetries, the required vacuum alignment 
could be consistently realized by the now-standard supersymmetric driving field method 
H [21]. All the possible assignments shown in Table |2] lead to a diagonal charged lepton mass 
matrix, and the neutrino mass matrix is exactly diagonalized by the TFH1 mixing matrix 
in Eq.(j2]). As a result, the statements of Feruglio et al. in Refs. [TT|[T2] are confirmed. In 
these realizations, the three charged lepton masses are given in terms of three independent 
parameters. However, in order to match the observed masses m e , and m T , we need tuning 
the parameters such that some sort of cancellation between them happens. Further fine 
tuning is required if subleading corrections are included. The same situation is encountered 



2 We omit the related vacuum alignment issue here because of the fine-tuning needed to obtain the 
phcnomcnologically acceptable charged lepton mass hierarchies. 
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Table 2: Possible assignments of the fields E c , £, cf>i and (j) v for the TFH1 mixing, where I — (^1,^2,^3) is 
the lepton doublet field. 



in the A 5 model building [22]. To overcome this defect, we should further break the remnant 
Z 3 symmetry in the charged lepton sector. For the TFH2 mixing, we only need to exchange 
both the position of /i c and r c and the position of the second and third generation lepton 
doublets, then the assignments in Table [2] still work. Finally we comment on the situation 
in which i transforms as triplet and E c are A (96) singlets, we need to introduce three triplet 
flavons with the vacuum alignment along (1, 0, 0), (0, 1, 0) and (0, 0, 1) in the charged lepton 
sector. This type of alignment breaks A(96) completely, therefore it is not easy to be realized 
consistently. 



7 



5 Model for THF1 mixing 
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Tabic 3: The transformation properties of the matter fields, the electroweak Higgs doublets, the flavon fields 
and the driving fields under the flavor symmetry A(96) x Z3 x Z3. 



As has been demonstrated in the previous section, the TFH1 mixing can be achieved 
without fine-tuning. However, these models have a drawback in that a separate fine-tuning 
of the charged lepton mass parameters is needed at leading order to yield the phenomeno- 
logically acceptable mass hierarchies, and further fine tuning is required if the subleading 
corrections are included. To improve upon this situation, we constructed a A (96) model 
which overcomes this defect by breaking the residual Z 3 symmetry in the charged lepton 
sector. We formulate our model in the framework of type I see-saw mechanism [23], and 
supersymmetry (SUSY) is introduced to simplify the discussion of the vacuum alignment. 
Obviously this model doesn't belong to the possible realizations of TFH mixing listed in 
Table [2j We assign the three generations of left-handed (LH) lepton doublets i and of right- 
handed (RH) neutrinos v c to A (96) triplets 3i and 3i, while the RH charged leptons e c , 
fi c and r c transform as 1, 1' and 1 respectively. The flavon sector consists of two set of 
fields: x ~ 3i, ~ 3i, rj ~ 2 and £ ~ 3^ which couple to the charged leptons at LO, and 
p ~ 2, ip ~ 3 1 and ip ~ 3' 2 which couple to the neutrino sector. Additional symmetries are 
needed, in general, to prevent unwanted couplings, to ensure the needed vacuum alignment 
and to reproduce the observed charged lepton mass hierarchies. In our model, the full flavor 
symmetry is A(96) x Z 3 x Z 3 . The fields in the model and their classifications under the 
flavor symmetry are summarized in Table [3j A U(1)r symmetry related to R— parity and 
the presence of driving fields in the flavon superpotential are common features of supersym- 
metric formulations. The flavon and Higgs fields are uncharged under U(1)r, the matter 
fields have R — 1, the so-called driving fields carry 2 units of R charge. Consequently the 
driving fields enter linearly into the superpotential. The suitable driving fields and their 
transformation properties are shown in Table [3l The LO driving superpotential Wd, which 
is linear in the driving fields and invariant under the flavor symmetry A (96) x Z% x Z3, is 
given by 

w d = ha°( VV ) + / 2 (C°(X0) 2 ) + /aCx'W)*) + hix'ixOsJ + M<f>°(xxhO 

+/ 6 (0°(00) 3 ' 2 ) + M p (p°p) + gi (p (pp) 2 ) + g 2 (p (W>)2) + 9^°{PVW , (20) 

where we indicate with (. . .) the singlet 1 contraction, with (. . .)' the singlet 1' and with 
(. . .)r (R = 2, 3i, 3' x etc.) the representation R. The charge assignments in Table [3] allow us 
to separate the above driving superpotential Wd into two decoupled sets: one is associated 
with the fields Xi 4>i V an d £ which are relevant to the charged lepton sector, and another one 
is associated with p, tp and ip which are relevant to the neutrino masses. In the SUSY limit, 
the vacuum configuration is determined by the vanishing of the F term associated with each 
component of the driving fields. In the charged lepton sector, the minimization conditions 



S 



are as follows, 

dw 



zfimm = 

J = W/ 2 (X102 + X203 + X30l) = 
L 

J = /a(Xl03 + X201 + X302) = 

I 

5 = h(rh<fo + u 2 r)2<p3) + /4(-2%iCi + X26 + X36) = 
1 

jf = fs(m<j>3 + u 2 il2<Pi) + h{Xiiz - 2X26 + Xs£l) = 
2 

J = /a(»7i^i + u 2 rj 2 (j) 2 ) + + X2^i - 2x36) = 

3 

£ = f 5 (xi + 2x2x3) + fM + 20i0 3 ) = 
1 

t = hixl + 2xiXs) + /e(0? + 2020 3 ) = 
2 

/ 5 (X3 + 2X1X2) + / 6 (03 + 20102) = , (21) 



90° 

where u = e 27 ™/ 3 is the cube root of unit. This set of equations admit the solution 

( X ) = (0, 0, v x ), (0) = (0, 0, V<j> ), (V) = K, 0), (0 = (v € , 0, 0) , (22) 
where the VEVs obey the relations 



f§ 2 2 /f/5 2 / no \ 

J 5 J 4, h 



with and 1^ undetermined. We note that the VEVs of x an d are invariant under the 
action of a 2 cd, they break the A(96) flavor symmetry into Z3, while the VEVs of rj and £ 
break A (96) completely. The vacuum configuration of p, ip and -0, which gives rise to TFH1 
mixing in the neutrino sector, is determined by the following minimization equations 

dw n 



M p p 2 + gip{ + co92W + 2^3) = 
^ = M pPl + g lP \ + g 2 (^ 2 2 + 2^ 3 ) = 

a p2 

jr4 = 93(pi^>2 - to 2 p2^3) = 
dtp" 

dw d 2 
dip" 

= 9s(pm - u 2 p 2 <p>2) = (24) 

9^3 

The non-trivial solution to the above equations is 

(p) = (l,tu)v p , (ip) = (1, 1, l)v v , (,J>) = {v u v 2 , ( Vl + v 2 )/2) (25) 
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with the condition 

M p v p + u 2 gi v 2 p + g 2 (v 2 + v\ + Vl v 2 ) = (26) 

The non- vanishing VEVs of p, tp and ip in Eq.( l25j) is the most general vacuum configuration 
invariant under the subgroup comprised of a 2 bd, d 2 , a 2 bd 3 and 1. Starting from the 
field configurations of Eq. (l22j) and Eq. fj25|) and acting on them with elements of the flavor 
symmetry group A(96), we can generate other minima of the scalar potential. However, 
these new minima are physically equivalent to the original one, they all lead to the same 
physics, i.e., lepton masses and flavor mixing. Without loss of generality, we can analyze the 
model by choosing the vacuum in Eq. (|22p and Eq. (l25j) as the local minimum. It is important 
to check the stability of this LO vacuum configuration, if we introduce small perturbations 
to the VEVs of the flavon fields as follows, 

(x) = (&Xu $X2, v x + 6x3), (0) = (50i, 502, ity), (77} = (v v , 5rj 2 ), 
(0 = ( v t + 8$2, Sta), (p) = (v P + 8pi, uv p + 8p 2 ), 

(<p) = (v v + 5(pi,v 9 + 5cp 2 ,v tp ), ($) = (vi,v 2 , vx/2 + v 2 /2 + 5^ 3 ) . (27) 

After some straightforward algebra, we find that the only solution to the minimization 
equations is 

8x1 = 8x2 = 5x3 = 0, 50i = 5(f> 2 = 0, 5rj 2 = 0, 6£i = 5& = 5£ 3 = 0, 

Spi = 5p 2 = 0, 6<p! = 5<p 2 = 0, 5^ = (28) 

Therefore the above LO vacuum alignment is stable. We turn now to the Yukawa superpo- 
tential for the charged leptons, which is given by 

w e = |r c (£0)^ + V -^lf{i{xiWh d + ^VWkJh, + y -^e c m( VV )h d 
+jle c (l((r ]V ) 2 <J ) h i )h d + ^(ifrmMh* + ^(iixivOs'M)^ 
+^e c (£(xms0s 1 )h d + ... J (29) 

where dots stand for higher-dimensional operators which will be discussed later. It is re- 
markable that the electron, muon and tau mass terms are suppressed by 1/A, 1/A 2 and 1/A 3 
respectively. At LO, only the tau mass is generated, the flavor symmetry A(96) is broken 
into Z 3 by the VEV of 0, the remaining terms further break this Z 3 symmetry completely. 
With the vacuum alignment in Eq.f l22|) . wi leads to a diagonal charged lepton mass matrix: 

/ u 2 y e2 v p + (y e4 -y e3 r-^ + y e5 v p 

V 

where v d = (h d ). Clearly the mass hierarchies of the charged leptons are naturally recovered 
if the VEVs v x j A, v^/A, v v / A and v^/A are of order \ 2 . We note that the mass hierarchies are 
determined by the flavor symmetry itself without invoking the Froggatt-Nielsen mechanism 
[23]. The superpotential for the neutrino sector can be written as 

w u = y(u c £)h u + x Vl {(u c u%^) + x V2 ((u c v c )^) + ... (31) 

The Dirac neutrino mass matrix as obtained from the first term of Eq. (l3Tj) is given by 

m D = yv u l, (32) 
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with v u = (h u ). Given the flavon VEVs of Eg. (I25p . the remaining two terms in Eq. (j3ip give 
rise to the Majorana neutrino mass matrix as follows 

(-Ax vi v v + 2x„ 2 v 2 2x vi v v + x V2 {yi + v 2 ) 2x l/1 v ip + 2x U2 v x \ 
2x Vl v ip + x U2 {v 1 + v 2 ) -Ax Vl v ip + 2x V2 Vi 2x vl v ip + 2x V2 v 2 . (33) 

2x vi v y + 2x V2 v 1 2x Ul v lf + 2x V2 v 2 -Ax^v^ + x V2 {v x + v 2 ) J 

Integrating out the heavy degrees of freedom, we obtain the light neutrino mass matrix, 
which is given by the see-saw formula 



m, 



-m T D m^m D = U TFH1 di&g(m 1 ,m 2 , m 3 )U^ FH1 (34) 



and the light neutrino masses are 

y 2v l y 2 vl y 2v l 

mi = t= , 1^2 = -, r, ^3 = t= (35) 

6x Vl v v + y/Zx^Vx - v 2 ) 3x^ 2 (fi + v 2 ) Qx Vl v v - \/3x V2 (vi - v 2 ) 

There are no special relations among the above three light neutrino masses, thus we have 
no prediction for the neutrino mass spectrum, which can be both normal and inverted order 
hierarchy. 



5.1 Beyond the leading order 

In this section, we address the next-to-leading corrections to the LO results presented 
above. The NLO corrections are indicated by the subleading higher-dimensional operators 
in the 1/A expansion, which are compatible with the symmetries of the model. We start 
with the corrections to Wd which is modified into 

w d = w° d + Sw d , (36) 

where is the leading order contribution given in Eq. (l20j) . and 5wd denotes the NLO terms, 
it is suppressed by one additional power of 1/A with respect to w^. The correction terms 
included in 5wd consist of the most general quartic, A (96) x Z% x Z3 invariant polynomial 
linear in the driving fields. Since the flavons p, tp and 1/) are neutral under the auxiliary 
symmetry Z 3 x Z 3 , we can insert one of them into the LO terms. Concretely, 5wd can be 
written as : 

1 3 1 6 1 9 -.8 1 22 19 

*»<=x£ + x E ^ + \ E w. x " + x E p>'f + x E rJf + x E «rf < 37 > 

i=l i=l i=l i=l i=l i=l 

where Sj, z i: k i: p i} T{ and W{ are complex coefficients with absolute value of order 1, if , 4 , 



„0 Jfi T „0 , w „0 



I* , If , If and If denote a basis of independent quartic invariants: 



If - 


= a°((rp/) 2 p), If° 


= o°m)*i>), if = 




If = 


: (C°((#) 3x ^ 2 ), 


if = (C°((#)3^) 2 ), 


4° = (c ((#) 3 ^) 2 ), 


Jf = 


= (C°((xx) 3 ^) 2 ), 


4° = (CV)(x0), 


4° = (C°((x0) 2 p) 2 ) 


rX° 


= Wt^), 






jX° 


= (X°(P(#)3' 1 )3 1 ), 


if = (xVxOsik), 


/ 6 X ° = (xV)'(W, 


rX° 
7 7 




/ 8 X ° = (xV^sJ, 


/ 9 X ° = (xWWaJ 



(38) 
(39) 

(40) 
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T 4>° _ 


(fffiiiAf-vfh) 

W YJKXYJi 


1 2 ~ VP VXyI^Y )3' 2 )i 


T' 
1 ? 


— VP \\XX)3' 1 <P)3' 2 ), 




T 4>° _ 


VP KPKXXh'J&J, 


h - {<P IPIW3' j3' J, 


j', 
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\ - VP W{XX)3' 2 )3' 2 ), 








h - VP W\X9h)3'J 








lf = 


(p°p)(pp), 


if = (P°P) W), 
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= (P P)'(PP)'i 




TP° _ 
J 4 — 


\P {P{PP)2)2)i 


TP° — ( n 0( ( 1. I.\ \ \ 


I P ° 


— \P Vyy)3x 1 P)2)i 




if- 


\P VYY)3' 1 Y)2), 


TP° _ ( „0( I iryi/A 1 l0 ).) 

1 8 ~ VP \\YY )3' 1 Y)2), 


JP° 


— \P \\YY )3 2 Y )%)■> 




I P ° - 
J 10 — 


\P \{Py)3 2 1 P)2), 

\P \\Py )3' 2 Y 


TP° _ (',,0(7 \ 1) \ 
1 U ~ \P \\YY)3' 2 y)2)i 

jf _ ( O 0( V ( yyL ).) 

J 14 \P \A\AA)3x)^)i 


JP° 
1 12 

if 


— ( n°(( thili) 0/ ih)*>) 

— \P \\Yy)3' 2 Y)2)-, 
\P \X\XXJs' 1 )2)i 


(42) 


if ~ 


(n°((66)i 6)0) 

\P \VPH J )3 1 Y)2), 


if — (n°((66)«i 6)0) 


if 


— ( n^Ti) ( nn) 

VP 'DvI'Di 




if = 


( nPnY (nnY 
Vr 'U vl'H 1 


if = (p°(ri(rin)o)o) 


JP° 
± 21 








^22 = 












J l ■ 


- ( io° ( n( mn\- \- \ 


fP° _ (m°(n(nio)-, )- ) 
1 2 — W \P\Pf ) 3^)3%) : 




JV° _ (, n o, n \>( nn \> 




T<P° . 
J 4 " 


- w {{pp)2 i Pm 1 )> 






J 6 - w vPKfVhhx)! 




T<P° . 

J 7 " 


- ( m°{ ( "tntn\„ ih\- \ 
~ VP KVPVteiYlS-i.ii 






T v ° — (m (^(rhrh'\„ V ^ 
J 9 — IV 9 UVWJ31J3J) 




7*° " 


\Y \A.VPy)3' 1 )3 1 )i 


if = (c/jOfvfYYW )s ) 
1 11 \Y \A\AA)3' 2 )3^) 




If° = (uPiyiSS)* )s ) 
1 12 \Y \X\YYJ3 2 J3iJi 


(43) 


J 13 ■ 




if = {<p\{xyUW, 




Its = (^(Hx^ehJ, 




I v0 - 


= mmw^i 






Its = WMtoZhJ, 




TY° . 

J 19 ■ 













The new vacuum configuration is obtained by imposing the vanishing of the first derivative of 
w° d + Swd with respect to the driving fields. We seek a solution that perturbs the LO minima 
in Eq.(22) and Eq.(25) to first order in 1/A. After lengthy and straightforward algebra, we 
find that the LO vacuum is modified into 

(x) = (Sv xl ,5v X2 ,v x + 5v X3 ), ((f)) = (SvfaSvfaVf), (rj) = (v v , 5v m ), 

(0 = ( u e + 5v ti > Sv b > Sv es) > (p) = ( v p + 5v pn uv p + 5v P2 ), 

(<f) = (vy + Sv^Vp - Sv^Vy), ( Y ) = (v u v 2,Vi/2 + v 2 /2 + 5v^ 3 ) . (44) 

All the shifts can be expressed in terms of the coefficients Sj, Zj, ki, pi, Wi and VEVs of the 
flavon fields. We don't present the exact form of these expressions which are overlong. Note 
that the shifts associated with the first and the second component of (p are equal except an 
overall sign. As is common in discrete flavor symmetry model building, we assume that all 
VEVs scaled by the cutoff A are approximately of the same order of magnitude about A^, 
we denote that ratio VEV/A by the small parameter e. Then all the shifts are suppressed 
by the factor e with respect to LO VEVs. 

The LO predictions for the charged lepton and neutrino mass matrices are corrected by 
both the modified vacuum alignment and the subleading operators in the superpotentials 
we and w u . The NLO operators contributing to charged lepton masses can be obtained by 
inserting p, if or %b in all possible ways into the LO operators. For convenience, we denote 
X and <p with 77 and £ with $^ 2 , and p, tp and ib with The NLO operators take the 
form: 

7*(l$ ei $ v )h d /A 2 , fi c (£^M'h d /A 3 , e c (£$ ei $ ta $ ea $ v )h d /A* , (45) 



where all possible contractions among fields are understood. With the LO vacuum in Eq. fl22] 
and Eq. (|25p . we find that each element of charged lepton mass matrix gets a small correction 
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Concretely the corrections to the e row, \x row and r row are of order e 4 Vd, s 3 va and e 2 Vd 
respectively. As a result, the charged lepton mass matrix with subleading corrections can be 
parameterized as 



where the order one coefficients ah 



ar n e 

f 5 

a^e 



a 12 £ 

i 

a 22 £ 
a 32 £ 



f 5 

V 

a 33 



ev d 



(46) 



,2,3) are unconstrained by the family symmetry. 
Including the contributions originating from the LO superpotential we evaluated with the 
NLO VEVs of Eq. (l4*4"j) . we see that this correction only amounts to a redefinition of the a^ 
in Eq.( l46|) . Therefore, the unitary matrix Ue, which corresponds to the transformation of 
the charged leptons used to diagonalize the hermitian matrix mlmi, is given by 



( 



x 21 c 
Z t 
'_>!> 

l £ 
£ (z - 
2 33 



Ye) 

33 



a 



-^f-e 1 

33 



/ 



(47) 



We note that the charged lepton masses are corrected by terms of relative order e, thus 
the LO mass hierarchies are not spoiled. Then we move to consider the corrections to the 
neutrino masses. The NLO operators contributing to the neutrino masses are given by 



5w v = ^(K^M + x U2 ((u c u%^) + y^((^£) 2p )h u + ^((^3^)3; 



A 



Jjv ^II..C..C\ I \ \ 1 //. ,C. ,C\ I __/.\ \ 1 X f6 



+ -^((^ C ) 3 ' 2 ( W )^) + ^((v C V C hMh' 2 



v ((^ c ) 3 ^(^)^; 



(48) 



where 5(f and 5ip denote the shifted vacuum of the flavons ip and ip respectively. Taking 
into account the possibility of absorbing the corrections partly into the LO parameters, the 
corrections to the neutrino Dirac and Majorana mass matrices can be expressed as 



1 1 
5m D = y I 1 1 

1 1 



5m 





X2 


-Xi 








—Xi 




x 2 



sv 



tp ■ 



(49) 



where y = uy Ul v p /(Ae), X\ = 2x ui 6v (p /(ev !fi ) and x 2 = 2x V2 Sv^ 3 /(ev ip ). The resulting light 
neutrino mass matrix m v is diagonalized by the unitary transformation 



U u — UtfhiUI 



(50) 



where U' u is close to an identity matrix with small corrections on the off-diagonal elements, 
it of the form 



U' 



1 Ke)* 



(51) 



— a v r,e —aKe 



where the parameters a", a 2 and a v z have order one magnitudes, and they can be reconstructed 
from the LO couplings in Eq. fl31l) and the NLO couplings in Eq. (1481) . The PMNS matrix is 



13 



given by Upmns = UjU v , then the leptonic mixing angles are modified as 

2-y/3 1 



sin 2 # 



13 



sin 2 # 



12 



6 6 
8-2\/3 1 
13 + 169 



(a[ - a u 2 )e + (1 - V3)(a e 2 + a%)e + c.c. 

(lOVz - G6)a{e - (18 + 28y/3)a e 2 e + 13(1 + 3y/3)a^e 



sin 2 9 



+ (16v / 3 - 38)a u 2 e + (llVs - 5)a^e + c.c. 
5 + 2^/3 1 



23 



13 169 
+ (10v / 3 - 66)a£e + (18 + 28y/3)a$e + c.c. 



(16\/3 - 38)a[e + (5 - llV3)a e 2 e + 13(1 + Zy/S)a{e 



(52) 



where we define a{ 



"21 



I 

22- 



'31 



/al 3 and a\ 



l 32/ 



/a 33 . Due to the presence of 



numerous unknown parameters of order one, we can not make quantitative predictions for the 
mixing angles. We perform a numerical analysis by treating all the LO and NLO coefficients 
as random complex numbers of absolute value between 1/3 and 3, the expansion parameter 
e is fixed at the indicative value 0.04. The resulting scattering plots for sin 2 # 13 — sin 2 9 12 and 
sin 2 6*12 — sin 2 #23 are shown in Fig. [TJ We see that a considerable part of points fall into the 
region where the three mixing angles #13, 9 12 and 6*23 are in the 3a interval, and a relatively 
large reactor angle can be accommodated. 
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Figure 1: The scatter plot of sin 2 #12 against sin 2 #13 and sin 2 623 against sin 2 612- The horizontal and vertical 
lines correspond to the 3<r bounds on the mixing angles, which are taken from Ref. [3], the pentagram indicates 
the values predicted by the TFH1 mixing pattern. 



6 Model for TFH2 mixing 

In this section, we present another flavor model based on A (96), which naturally leads to 
the TFH2 mixing at LO. Both the left-handed lepton doublets and right-handed neutrinos are 
assigned to triplet 3i in this model, note that £2 and £3 are the third and second component 
of the triplet respectively. The full family symmetry is A (96) x Z5 x Z2, and the associated 
field content is given in Table HI The LO driving superpotential takes the form 

Wd = h 1( r o (w) + h 2 em' + m^v) + h^m?) + w^oao + ma^vj 

+5i(C°(CC) 2 ) + S 2 (C°(AA) 2 ) + ^(X (CX) 31 ) (53) 



11 



Fields 




e c 




r c 




7 

">u,d 









> 

c 


X 


A 


n 

u 




n 


U 


C° 


n 

x u 


L — X I U\J J 




V 


V 


1 

_L 


"i 


1 

_L 


o 


°i 


°1 


o 


°i 


°2 


1 




2 


°2 


2 






1 


4 


1 


3 


1 





2 


1 


1 


3 


3 


3 


1 


3 


3 


3 


4 


4 


z 2 





1 


1 


1 











1 


1 






























Tabic 4: Fields and their transformation properties under the flavor symmetry A(96) x Z§ x Z2, where 
£ = (^1,^3,^2) is the left-handed lepton doublet field. 



where the flavon fields <p and break the flavor symmetry in the charged lepton sector at 
LO, x an d A couple to the neutrino sector, their vacuum configurations are determined by 
the terms in the first line and the second line of Eq. ( |53i) respectively, while the flavons £ and 
£ are present for consistent vacuum alignment and higher order corrections. The equations 
for the minimum of the scalar potential are given by 

dwd oh n 



da 
dw d 



90? 
90° 



^2(601 + 602 + 603) =0 
M^ 2 - w/l 3 (602 + 603 + 60l) = 
+ /l 3 (603 + 601 + 602) = 
- hli\ + 266) + M02 + 20103) = 



9£° 

dip" ~ 

dwd 
dw 



h^l + 266) + M0? + 20 2 3 ) = 

hM + 266) + ^5(03 + 20i0 2 ) = . (54) 



90° 

These equations are satisfied by the alignment 

(ip) = (0, v v ), (0 = (v € , 0, 0), (0) = (0, v*, 0) , (55) 

with the relations 



v 



2 



—hiVg/hs, = cohsv^v^/M^, ^undetermined. (56) 

Under the action of the element a 2 cd, we have a 2 cd(tp) = ui(ip), a 2 cd(£) = w 2 (£) and 
a 2 cd((p) = oj 2 (cf)). The flavor symmetry A(96) is broken completely by the non- vanishing 
VEVs of cp, £ and 0. For the neutrino sector, the vacuum of the flavons (, x an d A is 
determined by the following minimization equations 

dw d 



9C? 
dm 
d(° 2 
dm 

d X °i 
dwd 

dx° 2 
dwd 
d X °3 



gxCt + ug 2 (A 2 + 2A 2 A 3 ) = 
^Cf + 2 (Al + 2A 1 A 3 ) = O 

£3(6x3 - w 2 6x2) = 
^3(6x1 - ^ 2 6x3) = 

£3(6X2-^6X1) = 0, (57) 
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which leads to the vacuum configuration 



( X ) = (1,1, IK, (C) = (1, wH> ( A ) = («i> «2» («i + ^)/2) , (58) 
where the various VEVs are related by 

+ w^a(«i + «2 + u i u 2) = 0. (59) 
The superpotential we, which is responsible for the charged lepton masses, takes the form 

we = jT c (e<t>)h d + ^ c {i{^)'h d + ^e c (e((w) 2( j)) ti yh d + . . . , (eo) 

where we omit the term e c (ipipy(£<j))hd, which vanishes due to the antisymmetric property 
of the contraction ((ftp)'. After flavor and electroweak symmetry breaking, wi results in the 
following diagonal charged lepton mass matrix: 

m t =\ -^y^v^/A 2 \v d . (61) 
\ y T vJA ) 

It is obvious that the electron, muon and tau masses are controlled by the first, second and 
third power of v^/A and v^/A respectively. Therefore the observed mass hierarchies among 
the charged leptons are naturally produced if v^/A and v^/A are of order X 2 . The neutrino 
masses are described by the superpotential w u as follows 

™» = f (K%,XK + fa^kA)/^ + sifti/V^x) + x 2 ((v c v%, 2 A) + . . . (62) 

As a consequence, the neutrino Dirac and Majorana mass matrices read as 

-2A + 2B A + 2C A + B + C 
A + B + C A + 2B -2A + 2C 
A + 2C -2A + B + C A + 2B 

-2Mi + 2M 2 .\/| • M 2 ■ M 3 Mi + 2M 3 
m M =| M 1 + M 2 + M 3 -2Mi + 2M 3 M x + 2M 2 

Mi + 2M 3 Mi + 2M 2 -2Mi + M 2 + M 3 



where 



Mi = 2 Xl v x , M 2 = x 2 v u M 3 = x 2 v 2 • (64) 

The light neutrino mass matrix is given by the see-saw relation m u = —mj^m^rriD, which 
has the same structure as rn^ FH2 in Eq.fjHJ). Consequently it is diagonalized by the TFH2 
mixing matrix and the eigenvalues are 



V3{V3A -B + Cfvl 3(B + Cfv 2 u sf?>{s/?>A + B - C) 



m i = ^4= ■ — — , m 2 = — -tt^ — rr- 2 , ™s = ^4= [ — • (65) 

y/3Mi -M 2 + M 3 M 2 + M 3 ^Mi + M 2 - M 3 

We see that the light neutrino masses depend on six unrelated parameters, which offer more 
freedom to tune mass differences and then recover the phenomenology associated to neutrino 
oscillation. Note that no sum rule among light neutrino masses can be found in this case. 
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6.1 Next to leading order corrections 



The vacuum alignment discussed in the previous section is modified by the higher- 
dimensional operators allowed by the symmetry of the model. We denote the NLO cor- 
rections to the driving superpotential by Sw^, which is suppressed by one power of 1/A with 
respect to the leading order terms presented in Eq. (j53p . The full expression of 5wd is the 
following form: 

6w * = x ( E + k ^((whO' + £ wiif + jzpjf + E > ( 66 ) 

i=l i=l i=l i=l 

where Sj, k±, Wi, pi and are order one coefficients, {if, if , if , if } denote the complete 
set of subleading contractions invariant under A(96) x Z 5 x Z 2 . 

If = o>(W)a). If = o°(C(CC)a), If = ^°(C(AA) 2 ), 
If = v°(x(xxh>)> J f = ^°((XX)^A), If = a°(A(AA) 3 , ) 

if = ^°c)(w), /r = wc^y, ^ = (^(c(w) 2 ) 2 ) (68) 



i? = (0°A)( W ), i 2 * = (0°A)'( W )', if = (/((w) a A)^) (69) 

if = (CVXwO, 4° = (CV)'(M', if = (CV(w) 2 ) 2 ) • (70) 

Note that the corrections to the x° relevant superpotential appear at the next to next to 
leading order (NNLO) due to the strong constraints of the flavor symmetry. The new vacuum 
is obtained as usual by solving the vanishing F— term constraints. After lengthy calculation, 
we find that the alignment of £, x an d A given in Eq.( 158jl is unchanged at this order. In the 
charged lepton sector, the vacuum configuration of the flavons tp, £ and <fi is given by 

(<p) = (Sv^Vy + Svpt), (£) = (v^,5v^,Sv^ s ), (</>) = (5v 4)1 ,v 4> + SvfaSvfa) . (71) 

Concretely the shifts follows 

d x vl u 2 w 3 v c vl p 3 vivl uk x vcy 2 p 3 v 2 v 2 

2 Ay — H _L_ H_ OVc = — — p — 

2h 1 Avf V2 h 3 Av^ 2h h Av 2 ' ?2 2h 2 Av (f) 4/i 4 A^ ' 

Lodtv^vf p 3 (vi + v 2 )v 2 P3Vivl udiv^v'l p 3 (vi + v 2 )v 2 

~ AhxKvl + 8htAvt ' ^ 2 ~ 2h 5 Av^ ^ = ~ AhiAv 2 + 8h 5 Av^ 

where the parameter d± is 

di = 2s 2 + 2ws 3 (*; 2 + ^ 2 +t; 2 )A; 2 + 9^^ . (72) 

Parametrizing the ratio of a generic flavon VEV to the cutoff scale A by the small quantity 
e, we see that all the shifts are of order e with respect to LO VEVs. 

We move now to discuss the NLO corrections to the lepton masses and flavor mixing, 
we denote £ and <fi with \D^, and the flavons (, \ and A with ^> u . In the neutrino sector, 
imposing the invariance under the flavor symmetry, the neutrino masses are corrected by 
the subleading operators of the structures {v c i^ u )h u / A z and (v c v c ipty u ^ u ) / A 2 , they are 
suppressed by 1/A 2 compared to the LO results, thus the corrections to the neutrino Dirac 
and Majorana mass matrices from the higher-dimensional operators in w u arise at NNLO. 
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As we have already observed above, the LO vacuum structure of the neutrino flavons £, \ 
and A are unchanged at NLO, the corrections to the neutrino mass from the shifted vacuum 
appear at NNLO as well. Therefore we conclude that the light neutrino mass matrix is still 
diagonalized by the TFH2 mixing matrix at NLO. In the charged lepton sector, inserting 
the NLO VEVs of Eq flTT]) into the LO superpotential wg of Eq.(l60l. we find that each entry 
of the charged lepton mass matrix is corrected, and all off-diagonal elements become non- 
vanishing and of the order of the diagonal term in each row multiplied by e. In addition, the 
charged lepton masses are corrected by the following higher- dimensional operators 

T c (£<pV t V v )h d /A 3 , //(^^)VA 3 , e c (^^)VA 4 , e c (W e y^ u y u )'h d /A\ (73) 

where all possible contractions among fields should be considered. Note that the corrections 
to the r c row arise at NNLO. Given the LO vacuum alignment in Eq. (l55|) and Eq.( l58|) . 
we find that the operators of types /j c (£^ e ^ i ^ e )'h d /A 3 ' and e c (£ip^ i ^ i ^ e )'h d /A 4 only lead 
to corrections to the (22) and (11) entries of the charged lepton mass matrix respectively, 
while all the three entries of the e c row are corrected by the operators of the structure 
e c (£^e^ u ^ u ^ 1/ )'hd/A 4: . Combining the above two contributions from both the modified 
vacuum and the higher- dimensional Yukawa couplings, the corrected charged lepton mass 
matrix has the following structure 




(74) 



where only the order of magnitude of each entry is reported. As a result, the unitary matrix 
Ue diagonalizing m\mt can be written as 



1 

-b[e 
-bie 



1 



-bie 




(75) 



where the coefficients b[ 2 3 are of order one. Therefore the TFH2 mixing is violated by the 
corrections from Ue at NLO, the lepton mixing angles are given by 



sin 2 fl 



13 



sin 2 # 



12 



sin 2 # 



24 



2-V3 1 
6 + 6 

8-2v / 3_ 1 
13 169 

8-2^3 1 
13 + 169 



- V3)b[e + b l 2 e + c.c. 
18 + 2%\/2>)b[e + (66 - 10\/3)^e + c.c. 

-5 + llV3)fofe + (38 - 16V3)6^e + 13(1 + 3^3)6^ + c.c.l (76) 



We see that all the three mixing angles receive corrections of order e, which can pull the 
LO TFH2 mixing pattern into the experimentally allowed range. In order to not spoil the 
successful predictions for #13 and #12, the parameter e should not exceed a few percent. As in 
section |5j we perform a numerical simulation, the correlations between sin 2 #12 and sin 2 #13, 
sin 2 6*23 and sin 2 # 12 are shown in Fig. |2j 

As has been pointed out at the end of section 2] in effective theory, by exchanging the 
position of fi c and r c and that of the second and third generation lepton doublets simulta- 
neously, a model where the mixing TFHl(or TFH2) is derived, can be made into a model in 
which the other mixing TFH2(or TFH1) is present. When we apply this procedure to the 
model of section [5] which gives rise to TFH1 mixing, the TFH2 mixing can be reproduced, 
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Figure 2: The scatter plot of sin 2 812 against sin 2 6*13 and sin 2 6*23 against sin 2 6*12- The horizontal and vertical 
lines correspond to the 3cr bounds on the mixing angles, which arc taken from Ref. [3], the pentagram indicates 
the values predicted by the TFH2 mixing pattern. 



and vice versa for the model of section El However, the predictions for the masses of muon 
and tau leptons are exchanged at the same time. As a result, the successful mass hierarchies 
between the charged leptons in both models would be spoiled. It is remarkable that we 
could keep the assignment of leptonic fields under A(96) and appropriately modify both the 
auxiliary symmetry and the flavon fields associated with charged leptons in section [5] so that 
the TFH2 mixing could be derived naturally, the same is true for the model of section [6j 
The construction of these scenarios will be reported elsewhere [28] . 

7 Possible mixing textures within A(96) 

The basic idea of discrete flavor symmetry model building is that the matter fields trans- 
form non-trivially under the flavor symmetry at the high energy scale, then it is sponta- 
neously broken by the flavon into Ge and G v subgroups in the charged lepton and neutrino 
sectors. Generally the residual symmetry Ge should be different from the G v group, this kind 
of mismatch between Ge and G u , which results in the mismatch between the neutrino and 
charged lepton mass matrices, could leads to some interesting mass-independent textures. 
There is a direct group-theoretical connection between lepton mixing and the horizontal 
symmetry [25]. Given the whole flavor symmetry and the surviving subgroups Ge and G u , 
one can carry out a purely group-theoretical analysis to obtain all the possible mixings, with- 
out the presence of flavon fields nor the help of the Lagrangian. As bas been demonstrated 
in section |2} the remnant symmetry of the left-handed neutrinos forms a K4 group for the 
TFH mixing, if the neutrinos are Majorana particles. Consequently we choose G v to be the 
K4 subgroups of A (96). Ge is taken to be the cyclic Z N subgroups of A (96) with N > 3 in 
this work, since the resulting three charged lepton masses would be completely or partially 
degenerate if Ge is some non-abelian subgroups. Moreover, Ge can not be Z2, otherwise at 
least two eigenvalues of Ge are degenerate, then we can not distinguish among the three 
generations of charged leptons with the residual symmetry Ge, therefore the lepton mixing 
matrix can not be predicted uniquely in this case. A (96) has seven K4 subgroups, sixteen 
Z 3 subgroups, twelve Z 4 subgroups and six Z$ subgroups. In terms of the generators a, b, c 
and d, they can be expressed as follows: 
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• K 4 subgroups 



{l,c 2 ,d 2 ,c 2 d 2 }, 
{l,a 2 6,d 2 ,a 2 od 2 }, 
{l,bcd, c 2 d 2 ,bc 3 d 3 } 



Kf = {l,ab,c 2 ,abc 2 }, 



L 4 

Kf ] = {l,a 2 bd,d 2 ,a 2 bd 3 }, K 



K 



(3) 
1 

(6) 



{1, abc, c 2 , abc 3 }, 
{1,6, c 2 d 2 ,bc 2 d 2 }, 



Z 3 subgroups 



4" = 


= {l,a,a 2 }, 


zf = 


{1, ac, a 2 cd}, 


zf = 


{1, ac 2 , a 2 c 2 d 2 }, 


zf- 


= {1, ac 3 , a 2 c 3 d 3 }, 


zf = 


{1, ad, a 2 c 3 }, 


zf = 


{1, ad 2 , a 2 c 2 }, 




= {1, ad 3 , a 2 c}, 


zf = 


{1, acd, a 2 d}, 


zf = 


{1, acd 2 , a 2 c 3 d}, 


z r 


= {1, acd 3 , a 2 c 2 d}, 


zf > = 


= {1, ac 2 d, a 2 cd 2 }, 


7 (12) 


= {l,ac 2 d 2 ,a 2 d 2 }, 


4 13) 


= {l,ac 2 d 3 ,a 2 c 3 d 2 }, 


zf > = 


- {1, ac 3 d, a 2 c 2 d 3 }, 


7(15) _ 


= {l,ac 3 d 2 ,a 2 cd 3 } 


zf> 


= {1, ac 3 d 3 , a 2 d 3 } 











Z 4 subgroups 

r(l) 

z 



Zf = {l,cd 2 ,c 2 ,c 3 d 2 }, 

4 ^ = {ljC, C 2 ,C 3 }, 

Zf) = {I,a6d 2 ,c 2 ,a6c 2 d 2 }, 

7 (10) 



{l,a 2 ac 2 d,d 2 ,a 2 fec 2 d 3 }, Z 



,(2) 

'4 " 

,(5) _ 

'4 " 

,(8) _ 

'4 " 
(11) 



{l,cd 3 ,c 2 d 2 ,c 3 d}, 

{l,d, d 2 ,d 3 }, 

{1, afecd 2 , c 2 , abc 3 d 2 }, 
-- {l,bc 2 ,c 2 d 2 ,bd 2 }, 



Zf- 
Zf- 

zf- 

7 (12) 



{l,c 2 d 3 ,d 2 ,c 2 d}, 
{1, cd, c 2 d 2 , c 3 d 3 }, 
{l,a 2 6c 2 ,d 2 ,a 2 6c 2 d 2 }, 
= {l,ac 3 d,c 2 d 2 ,acd 3 } 



Z 8 subgroups 



7 (i 

Z 8 

7(2 

Z 8 

7(3 

Z 8 

7(4 

Z 8 

7(5 

Z 8 

7( 6 



{1, a&d, cd 2 , afecd 3 , c 2 , afec 2 d, c 3 d 2 , abc 3 d 3 }, 
{1, a&cd, cd 2 , abc 2 d 3 , c 2 , aac 3 d, c 3 d 2 , afed 3 }, 
{1, a 2 bc 3 , c 2 d 3 , a 2 bcd 3 , d 2 , a 2 6c 3 d 2 , c 2 d, a 2 fecd}, 
{1, a 2 bc 3 d, c 2 d 3 , a 2 6c, d 2 , a 2 bc 3 d 3 , c 2 d, a 2 bcd 2 }, 
{I, be, cd 3 , bc 2 d 3 , c 2 d 2 , bc 3 d 2 , c 3 d, bd}, 
{1, bc 2 d, cd 3 , be 3 , c 2 d 2 , bd 3 , c 3 d, bed 2 } 



We embed the left-handed lepton doublets in the faithful three-dimensional irreducible rep- 
resentations of A(96), by considering the large number of combinatorial choices of G u and 
Gi, all the possible lepton mixing matrices and the group structures generated by G v and 
Gi are listed in Table and Table where the absolute values ||C/pmats|| of the mixing 
matrix are shown since we are interested in the mixing angles. We note that the mixing 
matrix is determined only up to permutation of rows and columns, because we don't predict 

the lepton masses in this approach. The generating elements of the Z 4 subgroups Z± , zf^ 

(3) 

and Z\ have two degenerate eigenvalues, the lepton mixing matrix can not be determined 
exactly if the flavor symmetry A (96) in broken to Z^\ or Z± in the charged lepton 
sector. As a result, we don't consider these cases in the work. This issue is overcame by 
extending the above mentioned Z4 to the product of cyclic groups Z2 x Z4 or Z^ x Z^ in 
Ref. |12j . From Tableland Table El it is clear that seven mixing patterns including the 
tri-bimaximal, bimaximal and TFH mixings can be produced within A (96), where the am- 
biguity of the order of rows and columns certainly exists. If we require that the elements of 
Gi and G v generate the full group A(96), only the TFH mixing patterns and the bimaximal 
mixing are admissible. For the former, Gi belongs to the Z3 subgroups, and Gi is one of the 
Z 8 subgroups in the latter case. These results are consistent with those obtained in Ref. [12]. 
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It is remarkable that the generating elements of all the Z 8 subgroups and the Z 4 subgroups 
Z\ , . . . , Z\ for the faithful irreducible triplets don't have +1 eigenvalue, therefore there 
don't exist exist some vacuum alignment which breaks A (96) into these subgroups. How- 
ever, the flavor mixing is associated with the hermitian combination rfi£ = m\mz, where me 
is the charged lepton mass matrix. The VEV of the flavon field and its complex conjugate 
enter into rhi simultaneously. The flavon's VEV multiplying the complex conjugate could 
be invariant under the action of the Z 8 and Z4 subgroups although the VEV is not, if we 
properly choose the flavon fields and their vacuum. Consequently the remnant Z 4 or Z 8 
symmetries can be preserved indirectly, if we concentrate on the flavor mixing. A explicit 
realization of this scenario in A4 is presented in Ref. [26] . 

It is worth noting that we are able to derive the tri-bimaximal mixing matrix, if the 

(2) 

neutrino sector in invariant under the K 4 subgroup K\ and the charged lepton sector 
invariant under Z3 , one can refer to Table [5] for other possible choices of Gt and G u . 
However, the group generated through the elements of Z^ and K± are S4 instead of 
A (96). This result is consistent with the claim that the minimal flavor symmetry capable 
of yielding the tri-bimaximal mixing without fine tuning is S4 from group theory point of 
view |27j . 

By exchanging the rows and columns of the tri-bimaximal mixing matrix, we find another 
interesting mixing pattern, 



\U 



PMNS\ 
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1 
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V2 




VE 
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[2 






V3 


V 3 
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1 
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V2 


V3 


Ve 



(77) 



This texture will be called deformed tri-bimaximal (DTB) mixing, and the resulting mixing 
angles are 

sin 2 # 13 = i sin 2 fl 12 = ^, sin 2 9 23 = - . (78) 
6 5 5 

In order to be compatible with experimental data, all the three mixing angles should undergo 

large corrections of order 0.1 ~ 0.2, which is roughly the size of the Cabibbo angle. This 

mixing pattern is an interesting alternative for explaining largish # 13 besides the bimaximal 

mixing [16]. In the case of bimaximal mixing as the LO mixing pattern, we have to tactfully 

construct the model so that the solar and reactor mixing angles get sizable corrections while 

the atmospheric mixing angle is protected from too large corrections. In contrast, the three 

mixing angles require corrections of the same order of magnitude for the DTB mixing. As 

a result, the corresponding models should be more easily to be constructed. Obviously the 

appropriate framework to derive DTB mixing is the S4 horizontal symmetry |28j . 



8 Summary and conclusions 

The TFH mixing patterns, which are called Ml and M2 in Refs. [HUE], are favored by 
the latest experimental results [H[2j[5] and the global data fittings [31 II]- In this work, we 
perform a comprehensive study of the lepton flavor model within the flavor symmetry A (96), 
where the TFH textures are naturally derived at leading order. The neutrino mass matrix 
diagonalized by the TFH mixing and its symmetry properties are examined in the charged 
lepton diagonal basis. Within the so-called minimalist framework, we study the possible 
ways to produce TFH mixing within A (96), the assignments of the matter fields under 
A (96) and the associated flavons are presented. In these realizations, the left-handed lepton 
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Table 5: The allowed leptonic mixing patterns and the generated group structures for the A(96) flavor 
symmetry breaking into z? 3 and in the charged lepton and neutrino sectors respectively. 
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Table 6: The allowed leptonic mixing patterns and the generated group structures for the A(96) flavor 
symmetry breaking into Z4 or Zg in the charged lepton sector, and into K4 in the neutrino sector. 
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doublets are assigned to A (96) triplets 3i, 3^, 3i or 3 1; the TFH patterns can be naturally 
achieved if the flavor symmetry is broken into Z3 in the charged lepton sector and K4 in the 
neutrino sector. The claims of Feruglio et al. in Refs. [H1[T2] are verified. There are three 
independent parameters in the charged lepton sector so that we can fit the three charged 
lepton masses. However, we need to tune the three parameters so that certain cancellation 
occurs to account for the tiny masses of electron and muon. This defect can be overcame by 
further breaking the remnant Z 3 symmetry of the charged lepton sector. 

Two flavor models for TFH1 and TFH2 mixings are constructed, the family symmetries 
are A (96) x Z3 x Z 3 and A (96) x Z 5 x Z 2 respectively. Both models embed the left-handed 
lepton doublets into the triplet 3i, and the right-handed charged leptons are A(96) singlets, 
while the right-handed neutrinos transform as 3i in the TFH1 model and 3i in the TFH2 
model. As regards to the spontaneous breaking of the flavor symmetry in the two models, 
the neutrino sector is invariant under the K4 subgroup generated by a 2 bd and d 2 at leading 
order, the family symmetry is broken completely in the charged lepton sector. The charged 
lepton mass hierarchies are determined by the flavor symmetry breaking without resorting 
to the Froggatt-Nielsen mechanism. Note that a residual Z 3 symmetry generated by a 2 cd 
is preserved in the tau lepton mass term of the TFH1 model, nevertheless the electron and 
muon mass terms break the flavor symmetry A (96) completely. The next to leading order 
corrections induced by higher- dimensional operators are discussed in detail, we find that all 
the three lepton mixing angles receive correction of the same order of magnitude. Since the 
experimentally allowed departures of #13 and #12 from the TFH values sin 2 6*13 = (2 — \/3)/6 
and sin 2 12 = (8 — 2\/3)/13 are small, at most of order A 2 , the deviations of the mixing angles 
from the values predicted by TFH mixing are expected to be at most of order A 2 in these 
models. The mixing angles in the experimentally preferred range can be accommodated by 
our models, as is demonstrated by the numerical analysis. 

We investigate the possible mixing patterns if the family symmetry A (96) is broken 
into K± in the neutrino sector and the cyclic group Z^ with iV > 3 in the charged lepton 
sector. Besides the tri-bimaximal and bimaximal patterns, the TFH mixing is found. If we 
impose the constraint that the residual symmetries K4 and Zn generate the whole group 
A (96) instead of its subgroups, only bimaximal and TFH mixings are acceptable. This 
conclusion is consistent with that in Refs. [TTjlT2"]. By permutating the rows and columns 
of the tri-bimaximal matrix, we can obtain the DTB texture which suggests sin 2 # 13 = 1/6, 
sin 2 Qyi = 2/5 and sin 2 823 = 4/5. In order to be compatible with the experimental data in 
particular a sizable #13 indicated by recent experiments, all the three mixing angles require 
corrections of order A c in the case of DTB mixing. If bimaximal mixing is the leading order 
approximation, both 13 and 823 need large corrections of order A c , while so large corrections 
to 823 should be forbidden. As a result, it may be better to take DTB rather than bimaximal 
as the leading order mixing pattern. S4 is the appropriate family symmetry to derive this 
DTB mixing. 

It is remarkable that A (96) has doublet representation which can be utilized to describe 
the quark sector. Because of the heaviness of the top quark, we could assign the quarks 
to the doublet and singlet representations of A(96). It is interesting to extend the present 
framework to the quark sector to give a coherent description of both quark and lepton. 
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Note added: Near the completion of this work, the work [12] appeared in the arXiv. 
The paper [12] studied the lepton mixing patterns which can be derived from finite modular 
group rV by preserving the subgroups G u and Ge in the neutrino and charged lepton sectors 
respectively. Section 7 of our work overlaps with section 3.5 of Ref. [12]. We find the same 
results: none choices of G u = and Gg = Z 4 can generate the full group A (96), only 
bimaximal mixing and TFH mixing are allowable if we require G v and Gu generate A(96). 
Our work contains many associated details in addition, all possible combinations of G v = K 4 
and Gi = Z N (N > 3) and the generated group structures are displayed in the present paper. 



Appendix A: Representation matrices and other repre- 
sentation of A(96' 



We would like to work in the charged lepton diagonal basis, this scenario can be realized 
by choosing the representation matrix of the element a 2 cd to be diagonal for various irre- 
ducible representations. To determine this basis, we start from the Escobar-Luhn (EL) basis 
of A(96) [18], where the representation matrices for the generators c and d are diagonal. In 
the EL basis, the representation matrices for the group generators are particularly simple, 
their explicit forms are listed in Table where a\ 2 and C\ 2 are 3x3 matrices, 



a\ = 10 U 1 , (Z2 





ci = % , c 2 = -i . (79) 



Note that a 2 cd is not diagonal in EL basis, we can diagonalize it via a unitary transfor- 
mation U such that 

a = U j a EL U, b = U ] b EL U, c = U ] c EL U, d = U j d EL U (80) 

where a E L, b EE , c EE and d EE denote the representation matrices in the EL basis. For 1, 
1' and 2, the representation matrices in our basis are exactly the same as those in the EL 
basis, the unitary transformation is identity. For the 3i, we have 



°3i = o 



C3! = o 





u 


1 + V3 


1 


-V3 


u 2 


(1+ 


V3)uu 2 


(1 - y/3)u 


-1 


-V3 


—UJ 




-00 2 


y/3-1 


(V3 


-1)cj 


- (1 + y/3) U 




1 


(1 - VS) uj 2 


(1 + 




1 


(1- 


V3)u 2 






with 




12) 
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Tabic 7: The representation matrices for the generators a, b and c in the EL basis. Here we omit the 
generator d, as it is not independent of a, b and c. 



where u = e 2 " K% l z = — I + is the cube root of unit. It is remarkable that the symmetry 
transformation of the light neutrino mass matrix given in Eq.(j5]) can be expressed as G\ = 
a l 1 ^3i ( ^3 1 ) G2 = c?| 1 and G 3 = a\_b 3 ^d 3l . For the representations 3^, 3i and 3 1; the results 



are 



«3i 


— «3i, 


b S ' ± = -&si, 




= c 3l , 




= u 3l 






~~ a 3i> 






— r* 

~ L 3i' 




= u* 3l 




a,' 


* 

— °3i' 


h', = ~ b k, 


% 


— r* 


u ^ 


= u* 3l . 


(83) 





In the case of 32 and 3' 2 , we have 

°3 2 = i I ^ |,03 2 = || W I ,c 32 

as 2 , h', = -ba,,, c % = c 32 , U 3 ^ = U 32 = diag(-z, 1, 1) • U 3l . 
Finally, for the sextet 6 

ai 0\ / bi \ Jq 

a 2 y ' v b 2 ; ' c v °2 
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(85) 



where 



a-i 



bi 



b 2 



C2 



^2 = 77 



c l = 7T 



The unitary matrix Uq is 



with 



-1 - 


2i)u 


-1 + i 


(-i + *V 2 


-1 - 


f % 


(-1 - 2i)u 2 


(-l + z)w 


-1 + 


i)uj 2 


{-l + i)u 


-1 - 2z 


-1 + 




-l-i 


(-l-z> 2 


-1 - 


- i 


(-1 + 2i)uo 2 


(-1 -z> 


-1 - 


%)uj 2 


(-1 -i)u 


-1 + 2z 


-1 -+ 


-i)u 2 


-1 - 2i 


(-l + z)o; 


-1 - 


2i)uj 


(-l+t)oo 2 






(-l + z> 


(-1 -2?> 2 


-1 - 


- i)uj 


(-1 + 2i)u 2 


-l-i 


-1 - 


Y2i 


(-1 


(-1 -z> 2 


-1 - 


i)u 2 


-1 -i 


(-l + 2i)w 


-14 


-2% 


(-l-i)ou 2 


(-l-z> \ 


-1 - 


i)oj 


-1 + 2i 




-1 - 


i)u 2 


(-1 -z> 


-l + 2i / 


-1 - 


-2% 


(-l + i)u 2 


(-l + z> \ 


-1 ■+ 


■ i)uj 


-1 - 2i 


;-i + zV 2 


-1 + 


i)uj 2 


(-l + z> 


-l-2z / 



ui 

U 2 



(86) 



57) 



ui = diag(z, 



u 2 



1 

7! 



-z,z ; 

■ 2 
-ZUT 

ZCd 

1 



1 



lid 
2 



Appendix B: Clebsch-Gordan Coefficients of A(96) 

We report here the complete list of the Clebsch-Gordan coefficients for our basis. In the 
following we use a, to indicate the elements of the first representation of the product and fa 
to denote those of the second representation. 

• 1' <g> 2 = 2 




• 1' <g> 3i = 3; 

(aifa \ 
atfa 
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• V <g> 3; = 3x 



a>i(3 3 J 

• V ® 3j = 3~i 

3; ~ ai/3 2 

V / 

• 1' ® Si = 3 X 

«i/3 2 
«i/3 3 / 

• 1' ® 3 a = 3' 2 

3' 2 ~ ai/3 2 
\ "i/33 / 

• 1' ® 3' 2 = 3 2 

3 2 ~ «i/3 2 

V "iAj / 

• l'®6 = 6 

a a 1^3 

— «iAt 

-«l/?5 

\ -cn/3 6 / 

• 2®2 = 1©1'©2 



1 ~ ceifc + a 2 (3\ 



1' ~ ai/3 2 - a 2/ 3i 
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• 2 ® 3i = 3i © 3; 



2 © 3i = 3i © 3i 



2 © 3i = 3i © 3j 



2 © 3 X = 3i © 3j 



3' 



aix/3 s + u 2 a 2 /3 2 
3i ~ I + w 2 a 2 /3 3 

aif3 2 + w 2 a 2 /3i 

ai/3 3 - cu 2 a 2 /3 2 
3i ~ ( aiA - u 2 a 2 /3 3 
ai/3 2 - w 2 «2/3i 



«i/3 3 - w 2 a 2 /3 2 
'3 

ai/? 2 - u 2 a 2 f3i 



3i ~ - 0J 2 a 2 f3; 



ai/? 3 + cu 2 a 2 /3 2 
3'i ~ ( ai/?i + uj 2 a 2 /3 3 
a 1 /3 2 + co 2 a 2 p 1 



aiif3 2 + co 2 a 2 /3 3 
ai(3 3 + w 2 a 2 /3i 
aiPi + w 2 a 2 /3 2 

ai/? 2 - w 2 «2/?3 
ai/3 3 - w 2 a 2 /3i 
ai/?i - u 2 a 2 fi 2 



o>if3 2 - u 2 a 2 /3 3 
3i ~ I tti/3 3 - w 2 a 2 /?i 
ai^i - w 2 a 2 /3 2 

ai/3 2 + Lo 2 a 2 (3 3 
3'i ~ I ai/? 3 + w 2 a 2 /3i 
+ w 2 a 2( 5 2 



ai/3 3 + cu 2 a 2 /3 2 
ai/?i + tu 2 a 2 /3 3 
a 1^2 + w 2 a 2 /3i 



ai/?3 - w 2 a 2 /3 2 
3' 2 ~ ( aiA - w 2 a 2 /3 3 
ai/3 2 - w 2 a 2 /5i 
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• 2 © 3' 2 = 3 2 © 3' 2 



2 © 6 = 6i © 6 2 



3i © 3i = 3i © 3i © 3' 2 



3' 2 ~ 



ai/3 3 - w 2 a 2 /32 
- u 2 a 2 /3 3 
«i/3 2 - w 2 a 2 /3i 

ai/3 3 + cu 2 a 2 /3 2 
ai/?i + u 2 a 2 /3 3 
a 1^2 + w 2 a 2 /3i 



/ 



6i 



a 2 /3 2 

a 2 /?i 
wai/3 6 



3i 



3'x 



3; 



ai/3 3 

ai/3 2 
w 2 a 2 /3 5 
w 2 a 2 /3 6 
\ w 2 a 2 /34 / 



«2/?3 - tt3/?2 

a 3 /?i - ai/? 3 
ai/3 2 - a 2j 5i 

-2ai/3i + a 2 /3 3 + a 3 /3 2 
a x (3 3 - 2a 2 /3 2 + «3/3i 
at/3 2 + a 2 /?i - 2a 3 /3 3 

at/33 + a 2 (3 2 + a 3 (3 ± 
aiPi + a 2 (3 3 + a 3 (3 2 
at/3 2 + a 2 /3i + a 3 /3 3 



3i © 3; = 3i © 3i © 3 2 



-2ai/3! + a 2 /3 3 + a 3 (3 2 
- 2a 2 (3 2 + a 3 ^ 
ai(3 2 + a 2 (3i - 2a 3 (3 3 

a 2 /3 3 - a 3 (3 2 
3'i ~ ( a 3 /?i - a ± (3 3 
a ± (3 2 - a 2 (3i 
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/ ai/3 3 + a 2 /3 2 + a 3 f3 1 
3 2 ~ + a 2 f3 3 + a 3 (3 2 

\ aif3 2 + a 2 Pi + tt 3 /3 3 



• 3i <8> 3i 



1©2©6 



1 ~ a l (3 1 + a 2 (3 2 + a 3 /3 3 

/ «i/3 3 + a 2 /?i + a 3 (3 2 \ 
\ u (ai/? 2 + CK2A3 + « 3 /?i) / 

/ ai/?3 + wa 2 /3i + w 2 a 3 /3 2 \ 
cjo:i/3 2 + w 2 a 2 /3 3 + a 3 /?i 
w 2 ai/3i + a 2 /3 2 + ua 3 /3 3 
ai(5 3 + w 2 a 2 /3i + ua 3 /3 2 
w 2 «i/3 2 + wa 2 /3 3 + a 3 f3i 

\ uaiPi + a 2 /3 2 + w 2 a 3 /3 3 / 



1' ~ aiPi + a 2 /3 2 + a 3 /3 3 

( a 1 f3 3 + a 2 fii + a 3 (3 2 \ 
\_ -w («i/3 2 + a 2 /3 3 + a 3 /3i) J 

I ai(3 3 + wa 2 /3i + u 2 a 3 /3 2 \ 
wai/3 2 + u 2 a 2 /3 3 + a 3 /?i 
w 2 «i/3i + a 2 /3 2 + wa 3 /3 3 
-ai/3 3 - w 2 a 2 /?i - wa 3 /3 2 
-w 2 ^!^ - ua 2 (3 3 - a 3 (3i 
\ -ua 1 f3 1 - a 2 (3 2 - u 2 a 3 f3 3 J 



aiPi + a 2 /3 3 + a 3 (3 2 



\ «i/3 2 + a 2 (3i + a 3 (3 3 J 

( ai/3 3 + Loa 2 f3 2 + w 2 a 3 /?i \ 
w 2 «i/3i + a 2 /3 3 + wa 3 /3 2 
w«i/3 2 + w 2 a 2 /?i + a 3 /3 3 
wai/3 3 + a 2 /3 2 + w 2 a 3 /?i 
w 2 ai/3i + ua 2 /3 3 + a 3 /3 2 

\ ai/? 2 + w 2 a 2 /?i + wa 3 /3 3 / 



• 3i (8) 3 X = V © 2 © 6 



• 3i © 3 2 = 3i © 6 
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3i © 3' = 3i 



otifii + a 2 /3 3 + a 3 /3 2 
3i ~ ( a>i(3 3 + a 2 (3 2 + a 3 /3i 
a>i(3 2 + a 2 /3i + a 3 f3 3 



( a 1^3 + ua 2 /3 2 + w 2 a 3 /?i \ 
w 2 ai/3i + a 2 /3 3 + wa 3 /3 2 
uail3 2 + w 2 a 2 /3i + a 3 /3 3 
—uai/3 3 - a 2 (3 2 - w 2 a 3 /?i 
-cj 2 ai/?i - ua 2 j3 3 - a 3 /3 2 
\ -«i/? 2 - w 2 «2/?i - wa 3 /3 3 / 



3i ® 6 = 3i © 3; © 3 2 © 3' 2 © 6 



3i 



3; 



3' 2 ~ 



«i/3 3 + wai/3 6 + wa 2 /3 2 + oi 2 /3 5 + w 2 «3/?i + w 2 a3/?4 
+ «i/3 4 + u 2 a 2 /3 3 + w 2 a 2 /3 6 + a 3 /3 2 + ua 3 /3 5 
uo 2 ai(5 2 + w 2 ai/3 5 + a 2 f3i + wa 2 /3 4 + ua 3 /3 3 + a 3/ 9 6 

«!/3 3 - ua l f3 6 + wa 2 /3 2 - a 2 /3 5 + u 2 a 3 j3i - Lo 2 a 3 (3 4 
uai/3i - ai/3 4 + w 2 a 2l 5 3 - w 2 a 2 /?6 + "3/^2 - wa^s 
ijj 2 a\P> 2 - u 2 ai/3 5 + a 2 /3i - ua 2 /3 4 + wa 3 /3 3 - a 3 /3 6 

ai/? 3 + wa^g + a 2 /3 2 + wa 2 /3 5 + a 3 /?i + ua 3 f3 4 
w 2 «i/3i + w 2 ai/3 4 + Lu 2 a 2 /3 3 + w 2 a 2 /3 6 + Lu 2 a 3 /3 2 + w 2 a 3( 5 5 
wai/3 2 + ai/3 5 + wa 2 /?i + a 2 /3 4 + ua 3 /3 3 + a 3 /3 6 

«i/3 3 - uai/3 6 + ct 2l 5 2 - ua 2 /3 5 + a 3 (5\ - wa 3 /3 4 
w 2 ai/3i - w 2 ai/3 4 + w 2 a 2 /3 3 - uj 2 a 2 (3§ + u 2 a 3 /3 2 - cu 2 a 3 /3 5 
uai/3 2 - a 1^5 + wa 2 /3 4 - a 2 /3 4 + wa 3 /3 3 - a 3 f3 6 

( cci/33 + w 2 a 2 /3 2 + wa 3 /?i \ 
w 2 ai/3i + ua 2 /3 3 + a 3 /3 2 
w«i/3 2 + a 2 /3i + w 2 a 3 /3 3 
-wai/3 6 - uj 2 a 2 (3 5 - a 3 (3 4 
-Lo 2 ctif3 4 - a 2 (3 6 - Loa 3 (3 5 
\ -«i/3 5 - uja 2 (3 4 - uj 2 a 3 (3 G J 



3; © 3; = 3i © 3 X © 31 



a 2 (3 3 - a 3 (3 2 
a 3 /3i - «i/? 3 
«i/3 2 - a 2 /3i 

-2ai/?i + a 2 /3 3 + a 3 /3 2 
3', ~ I ai{3 3 - 2a 2 (3 2 + a 3 ^ 
ai(3 2 + a 2 /3i - 2a 3 /3 3 

ai/?3 + «2/?2 + a 3 f3i 
3o ~ I + a 2 /3 3 + a 3 /3 2 

ai(3 2 + a 2 f3i + a 3 /3 3 
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• 3^ <g> 3i = V © 2 © 6 



1' ~ ai^i + a 2 /3 2 + a3/?3 

/ «i/3 3 + a 2 /3i + a 3 /3 2 \ 
\_ -u («i/3 2 + a2/?3 + ac 3 /3i) J 

/ olxPz + wa 2 /3i + w 2 a 3 /3 2 \ 
wai/3 2 + Lu 2 a 2 /3 3 + a 3 /?i 
w 2 ai/?i + a 2 /3 2 + cua 3 /3 3 
—aifi 3 - u 2 a 2 l3 1 - ua 3 /3 2 
-w 2 ai/3 2 - ooa 2 (3 3 - a 3 /3i 
\ -uatxPx - a 2 (3 2 - u 2 a 3 (3 3 / 



1 ~ + a 2 /3 2 + a 3 /3 3 

/ «i/3 3 + a 2 (3t + a 3 (3 2 \ 
\ u (ctifc + a 2 /3 3 + a 3 /3i) J 

I Q!i/3 3 + ua 2 /3i + u 2 a 3 /3 2 \ 
uotif3 2 + w 2 a 2 /3 3 + a 3 /?i 
w 2 ai/3i + a 2 /3 2 + wa 3 /3 3 
«i/3 3 + w 2 a 2 /3i + wa 3 /3 2 
w 2 «i/3 2 + wa 2 /3 3 + a 3 /?i 

\ WQift + a 2 /3 2 + w 2 a 3 /3 3 / 



ai^i + a 2 /3 3 + a 3 /3 2 



\ «i/3 2 + a 2 /3i + a 3 (3 3 J 

/ aif3 3 + ua 2 /3 2 + w 2 a 3 /3i \ 
w 2 «i/3i + a 2 /3 3 + ua 3 /3 2 
uai/3 2 + w 2 a 2 /3i + a 3 /3 3 
-ujaif3 3 - a 2 (3 2 - w 2 a 3 /?i 
-w 2 ai/3i - wa 2 /3 3 - a 3 (3 2 
\ -at\fk - w 2 a 2 /3i - ua 3 (3 3 J 



<XlPl + «2As + "3^2 



a x (5 2 + a 2 fi x + a 3 /3 3 



• 3i <g) 3i = 1 © 2 © 6 



• 3i <8> 3 2 = 3i © 6 




• 3i <g> 3' 2 = t x © 6 
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/ ai/3 3 + uja 2 f3 2 + w 2 a 3 /?i \ 
w 2 ai/?i + a 2 /3 3 + wa 3 /3 2 
^ wai/3 2 + U) 2 a 2 f3i + a 3 /3 3 
w«i/3 3 + a 2 /3 2 + w 2 a 3 /3i 
w 2 «i/3i + ua 2 /3 3 + a 3 /3 2 

\ ai/3 2 + w 2 a 2 /3i + wa 3 /3 3 / 

• 3i ® 6 = 3i © 3; © 3 2 © 3' 2 © 6 



3i 



3'x 



/ 



«i/3 3 - wai/3 6 + ua 2 /3 2 - a 2 /3 5 + u 2 a 3 /3i - uo 2 a 3 (5 A 
waiA _ «i/#4 + w 2 a 2 /3 3 - w 2 a 2 /3 6 + a 3 /3 2 - wa 3 /3 5 
w 2 «i/3 2 - w 2 ai/3 5 + a 2 /?i - Loa 2 (3 4 + oua 3 (3 3 - a 3 (3 6 

«i/3 3 + wai/3 6 + wa 2 /3 2 + a 2 /3 5 + w 2 a 3 /3i + w 2 a 3 /3 4 
waift + ai/3 4 + u 2 a 2 /3 3 + w 2 a 2 /3 6 + a 3 /3 2 + wa 3 /3 5 
w 2 «i/3 2 + w 2 ai/3 5 + a 2 /?i + wa 2 /3 4 + ua 3 /3 3 + a 3 /3 6 

ai/? 3 - ooa l (3 6 + a 2 /3 2 - oua 2 (3 5 + a 3 (3i - wa 3 /3 4 
w 2 ai/3i - w 2 ai/3 4 + w 2 a 2 /3 3 - u 2 a 2 /3 6 + w 2 a 3 /3 2 - w 2 a! 3 /35 
ooai/3 2 - «i/3 5 + wa 2 /?i - a 2 /3 4 + wa 3 /3 3 - a 3/ 3 6 



3; 



ai/3 3 + wai/3 6 + a 2 /3 2 + cua 2 j3 5 + a 3 (3i + ua 3 f3 A 
ixPaxfix + w 2 ai/3 4 + Lu 2 a 2 /3 3 + w 2 a 2l 5 6 + tu 2 a 3 /3 2 + w 2 a 3( 5 5 
w«i/3 2 + a l /3 5 + wa 2 /?i + a 2 /3 4 + wa 3 /3 3 + a 3 /3 6 



/ aiflz + w 2 a 2 /3 2 + ua 3 /3i \ 
uo 2 a\P>\ + wa 2 /3 3 + a 3 /3 2 
ua l (3 2 + a 2 /?i + Lo 2 a 3 (3 3 
wai/3 6 + w 2 a 2 /3 5 + a 3 (5 A 
uPotifii + a 2 /3 6 + ua 3 /3 5 
\ ai/? 5 + wa 2 /3 4 + w 2 a 3 /3 6 / 



3i © 3i = 3i © 3; © 3' 2 



/ a 2 /3 3 - a 3 (3 2 \ 
3i ~ a 3 /3i - «i/3 3 
\ «i/3 2 - a 2 /3i / 

/ -2ai/3i + a 2 (3 3 + a 3 (3 2 \ 
3i ~ ai/3 3 - 2a 2 /3 2 + a 3 ^ 

\ aixfa + a 2 #L - 2a 3 /3 3 / 

+ a 2 /3 3 + a 3 /3 2 \ 

"lA? + «2/?2 + «3/3l 
Cllfo + 01201 + «3/?3 / 
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3i <g> 3 1 = 3i © 3; © 3 2 



-2ai/3i + a 2 /3 3 + a 3 /3 2 
3i ~ I ai/3 3 - 2a 2 /3 2 + a 3 /?i 
«i/3 2 + a 2 /3i - 2a 3 /3 3 

«2/?3 - "3/^2 
3'x ~ [ a 3 /3i - ai/3 3 
ai/3 2 - a 2j 5i 

ati/Si + a 2 (3 3 + a 3 (3 2 
ai/?3 + a 2 (3 2 + a 3 (3i 
ai/3 2 + a 2/ #i + a 3 /3 3 



3i 



3'x 



3i © 3' 2 = 3i 



ai(3 2 + a 2 /3 3 + a 3( 5i 
3i ~ I «i/3 3 + a 2 /3i + «3/?2 
aiA + a 2 (3 2 + a 3 (3 3 



( «i/3 2 + ua 2 /3 3 + w 2 a 3 /3i 
uai/3 3 + w 2 a 2 /3i + a 3 /3 2 
w 2 ai/3i + a 2 /3 2 + wa 3 /3 3 
cixfa + w 2 a 2 /3 3 + wa 3 /?i 
w 2 «i/3 3 + wa 2 /3i + a 3 /3 2 
y waift + a 2 /3 2 + w 2 a 3 /3 3 



«i/3 2 + a 2 /3 3 + a 3 /3i 
3i ~ I «i/3 3 + a 2 (3x + a 3 /3 2 
+ a 2 (3 2 + a 3 (3 3 



aif3 2 + ua 2 /3 3 + w 2 a 3 /?i 
wai/3 3 + uj 2 a 2 (3i + a 3 /3 2 
cu 2 ai/3i + a 2 /3 2 + cua 3 /3 3 
— ai/3 2 - u 2 a 2 /3 3 - wa 3 /?i 
-u 2 a l f3 3 - oja 2 /3i - a 3 /3 2 
\ -uoiifix - a 2 (3 2 - u 2 a 3 (3 3 



3i © 6 = 3i © 3 1 © 3 2 © 3' 2 © 6 



a±/3s + coai/3 6 + wa 2 /?i + a 2 /3 4 + w 2 a 3 /3 2 + w 2 a 3 /3 5 
3i ~ I w«i/3 2 + a 1 (3 5 + w 2 a 2 /3 3 + w 2 a 2 /3 6 + a 3 /?i + wa 3 /3 4 
w 2 ai/3i + w 2 ai/3 4 + a 2 /3 2 + ua 2 (3 5 + wa 3 /3 3 + a 3 /3 6 

«i/3 3 - wai/3 6 + wa 2 /3i - a 2 /3 4 + w 2 a 3 /3 2 - u 2 a 3 /3 5 
3", ~ I wai/3 2 - «i/3 5 + w 2 a 2 /3 3 - w 2 a 2 /3 6 + a 3 /?i - wa 3 /3 4 
w 2 ai/3i - w 2 ai/3 4 + a 2 /3 2 - tua 2 /3 5 + wa 3 /3 3 - a 3 /3 6 
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/ ceiP 2 + Oix/3 5 + a 2 (3 3 + Oi 2 /3 e + otzPi + a 3 /3 A 

3 2 ~ ^«i/3 3 + w 2 ai/3 6 + ua 2 f3i + w 2 a 2 /3 4 + ^"3/^2 + w 2 a3/3s 
V u 2 oiif3i + wai/3 4 + u 2 a 2 (3 2 + ua 2 (3 5 + w 2 a 3 /3 3 + ua 3 (3 6 



I ai/3 2 - ai/? 5 + "2/^3 - «2/?6 + azPi - a 3 (3 A 

3' 2 ~ woift - w 2 ai/3 6 + wa 2 /?i - w 2 a 2 /?4 + ^a! 3 /3 2 - u 2 a 3 /3 5 
\ u 2 a 1 /3 1 - ua 1 (3 4: + w 2 a 2 /3 2 - wa^s + u 2 a 3 (3 3 - ua 3 (3 6 



I a x fi 2 + Lo 2 a 2 (3 3 + wa 3 /3i \ 
w«i/3 3 + a 2 /3i + u 2 a 3 (3 2 
bj 2 ax^x + wa 2 /3 2 + a 3 (3 3 
-ai/3 5 - wa 2 /3 6 - Lo 2 a 3 (3 4 



\ -uoixfii - uj 2 a 2 (3 5 - a 3 /3 G ) 



(a 2 (3 3 - a 3 (3 2 \ 
a 3 /3i - «i/3 3 
ax/3-i - a 2 /3x J 

(-2ax/3x + a 2 f3 3 + a 3 f3 2 \ 
aiP 3 - 2a 2 (3 2 + a 3 A 
axP2 + a 2 /3x - 2a 3 (3 3 J 

(axfix + a 2 (3 3 + a 3 (3 2 \ 
"iAs + "2/^2 + a 3 Px 
aifo + a 2 Px + <y 3 f3 3 ) 



\ a>x(3x + OL2P2 + a 3 (3 3 J 

I (Xxh + wa 2 /3 3 + u) 2 a 3 /3i \ 
ioax(3 3 + L0 2 a 2 /3x + a 3 (3 2 
u 2 ax/3x + a 2 /3 2 + toa 3 /3 3 



\ -uax/3x - a 2 /3 2 - u 2 a 3 /3 3 J 



LU 2 ax/3Q - a 2 /3 4 - ua 3 (3 5 



• 3i <g> Si = 3i © 3; © 3' 2 



• 3i © 3 2 = 3i © 6 




— oix/3 2 - w 2 tt2/?3 - wa 3 /3i 
-w 2 ai/3 3 - wa 2 /3i - a 3 /3 2 



• 3i © 3' 2 = 3; © 6 
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/ + ooa 2 /3 3 + w 2 a 3 /?i \ 
ooai/3 3 + u 2 a 2 /3i + a 3 /3 2 
^ uPonPi + a 2 (3 2 + u)a 3 (3 3 
ai(5 2 + u 2 a 2 /3 3 + wa 3 /?i 
w 2 ai/3 3 + uoa 2 (5i + a 3 /3 2 

\ wa^i + a 2 /3 2 + w 2 a 3 /3 3 / 

• 3i ® 6 = 3 X © 3i © 3 2 © 3' 2 © 6 



3i 



a 1^3 - wai/3 6 + wa 2 /3i - a 2 Ai + w 2 «3/?2 - u 2 a 3 (3 5 
uai/3 2 - ai/3 5 + u 2 a 2 /3 3 - u 2 a 2 /3Q + a 3 /?i - wa 3 /3 4 
w 2 ai/?i - w 2 ai/3 4 + a 2 /3 2 - ooa 2 /3 5 + ua 3 /3 3 - a 3 /3 6 



oti(3 3 + cucti/3 6 + uja 2 f3i + a 2 /?4 + u 2 a 3 f3 2 + w 2 a 3 /3 5 
3^ ~ | uaif3 2 + ai/3 5 + u 2 a 2 (3 3 + w 2 a 2 A3 + a 3 (3 1 + wa 3 /3 4 
w 2 ai/?i + u 2 a 1 f3 4: + a 2 /3 2 + wa 2 /3 5 + ua 3 (3 3 + a 3 /3 6 

ai/3 2 - ai/? 5 + a 2 /3 3 - a 2 /3 6 + a 3 /?i - a 3 /3 4 
uai/3 3 - w 2 ai/3 6 + wa 2 /3i - u 2 a 2 /3 A + wa 3 /3 2 - u 2 a 3 p 5 
w 2 ai/3i - wai/3 4 + u 2 a 2 /3 2 - ua 2 /3 5 + w 2 a 3 /3 3 - ua 3 j3 6 



3; 



«i/3 2 + ai/3 5 + a 2 /3 3 + a 2 /3 6 + a 3 /?i + a 3/ S 4 
wai/3 3 + u 2 ax/3 6 + wa 2 /3i + u 2 a 2 /3 4 + wa 3 /3 2 + w 2 a 3 /3 5 
w 2 ai/3i + wai/3 4 + w 2 a 2 /3 2 + wa 2 /3 5 + w 2 a 3 /3 3 + ua 3 /3 G 



( uxfii + u 2 a 2 f3 3 + wa 3 /?i \ 
wai/3 3 + CK2A + ^ 2 "3/32 
cu 2 ai/?i + wa 2 /3 2 + a 3 /3 3 
«i/3 5 + ua 2 /3 e + w 2 a 3 /3 4 
w 2 «i/3 6 + a 2 /3 4 + wa 3 /3 5 
\ wai/3 4 + u 2 a 2 /3 5 + a 3 /3 6 y 



1 ~ «i/3 2 + a 2 (3i + a 3 /3 3 



2 ^ / atiPz + a 2 (3 2 + a 3 /?i \ 
y w + a 2 f3 3 + a 3 /3 2 ) / 

/ a 3 /3i - «i/3 3 \ 
3 2 ~ tt 2 /3 3 - "3/^2 
\ «i/3 2 - a 2 /3i / 

(ai/3 3 - 2a 2 /?2 + a 3 A \ 
-2a x Px + a 2 f3 3 + a 3 f3 2 
«i/?2 + ot 2 /3i - 2a 3 /3 3 J 
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• 3 2 <g> 3' 2 = V © 2 © 3 2 © 3' 2 



«i/3 3 + a 2 /3 2 + a 3 /3i 



ai/?3 - 2a 2 /3 2 + a 3 /3i 
-2«i/3i + a 2 /33 + "3/92 
ai$2 + a 2 /?i - 2a 3 /3 3 



3' 2 ~ 



3 2 © 6 = 3i © 3; © 3i © 3 1 © 6 



a 3 /3i - ai/3 3 
«2 /?3 - «3/32 

ai/3 2 - a2/9i 



3i 



3; 



3i 



«i/3 3 + wai/3 6 + w 2 a 2 /32 + ^ 2 a 2 /35 + wa 3 /?i + a 3 /3 4 
ai/?i + wai/3 4 + w 2 a 2 /3 3 + w 2 a 2 /?6 + wa 3 /3 2 + a 3 /3 5 
a x P>2 + ^ai/3 5 + u 2 a 2 /3i + w 2 a 2 /34 + wa 3 /3 3 + a 3 /3 6 

a 1^3 - wai/3 6 + u 2 a 2 /3 2 - w 2 tt2/?5 + w«3/3i - "3/94 
a i( 5i - wai/3 4 + w 2 a 2 /3 3 - w 2 a 2 A3 + ooa 3 (3 2 - a 3 /3 5 
a i( 5 2 - wai/3 5 + w 2 a 2 /?i - oo 2 a 2 /3 A + oua 3 (3 3 - a 3 /3 6 



ai/?3 + aiA> 
«i/3 2 + «i/3 5 

«l/?3 - ttl/?6 

ai(3 2 - ai/3 5 
( 



ua 2 j3 3 + u 2 a 2 /3 6 
ua 2 /3 2 + w 2 a 2 /35 

LOa 2 /3i + W 2 Q!2/94 



w 2 a 3 /3 2 + wa 3 /3 5 
w 2 a 3 /3i + wa 3 /3 4 
w 2 a 3 /3 3 + uja 3 (3 6 



ua 2 /3 3 - u 2 a 2 /3 G + u 2 a 3 /3 2 - ua 3 /3 5 
ua 2 l3 2 - u 2 a 2 /3 5 + uj 2 a 3 (5i - ua 3 ^ 
uia 2 /3i - w 2 a 2 /3 4 + u 2 a 3 f3 3 - uja 3 /3 6 



axP 6 + a 2 (3 5 + a 3 (3 4 \ 
ai/3 4 + a 2 /3 6 + "3^5 
ai/?5 + a 2 f3 A + ct 3 /3 6 
-w 2 («i/3 3 + a 2 /?2 + a 3 /?i) 
-u 2 + a 2 /?3 + a3/?2) 
y -w 2 (ai/3 2 + a 2 (3i + a 3 /3 3 ) / 



3' © 3' 



3; 



1 ~ a\/3 2 + a 2 p>\ + a 3 /3 3 



o>i(3 3 + a 2 /3 2 + a 3 /?i 
u (aiPi + a 2 (3 3 + a 3 /3 2 ) 
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a 3 /3i - ai/3 3 
"2/^3 - a 3 (3 2 
ai(3 2 - a 2 /?i 

«i/3 3 - 2a 2 /3 2 + «3/3i 
-2an/3i + a 2 /3 3 + a 3 /? 2 
ai/3 2 + a 2 Pi - 2a 3 /3 3 



3' 2 ® 6 = 3i © 3i © 3i © 3i © 6 



3i 



3'x 



3i 



3'x 



«i/3 3 - wai/3 6 + u 2 a 2 /3 2 - u 2 a 2 /3 5 + wa 3 /?i - a 3 /3 4 
aiPi - uiai(3 A + Lu 2 a 2 /3 3 - u 2 a 2 /3 e + cua 3 l3 2 - a 3 /3 5 
ai/3 2 - uai/3 5 + u 2 a 2 /3i - bj 2 a 2 (5 4 + ua 3 l3 3 - a 3 /3 e 

aif3 3 + uai/3 e + u 2 a 2 /3 2 + u 2 a 2 l3 5 + ua 3 (3i + a 3 /3 4 



011P2 



uaiPi + u 2 a 2 (3 3 + w 2 a 2 /3 6 + wa 3 /3 2 + a 3 (3 5 
uai/3 5 + w 2 a 2 /?i + u 2 a 2 /3 4 + wa 3 /3 3 + a 3 /3 G 



6©6 



1' 



- «i/3 4 + wa 2 /3 3 - w 2 a 2 /3 6 + w 2 a 3 /3 2 - wa 3 /3 5 
«i/3 3 - «i/3 6 + wa 2 /3 2 - u 2 a 2 (3 5 + w 2 a 3 /3i - wa 3 /3 4 
a>i/3 2 - ai/3 5 + ooa 2 (3i - Lo 2 a 2 (3 A + u 2 a 3 (3 3 - oua 3 (3 6 

a±f3i + ai/3 4 + ua 2 /3 3 + w 2 a 2 /3 6 + w 2 a 3 /3 2 + ua 3 (3 5 
a\(5 3 + cci/3 6 + ua 2 /3 2 + w 2 a 2 /3 5 + u 2 a 3 (3i + wa 3 /3 4 
«i/3 2 + aii/3 5 + uoa 2 (5i + w 2 a 2 /3 4 + u 2 a 3 /3 3 + wa 3 /3 6 

/ ai/3 6 + a 2 /3 5 + a 3 /3 4 \ 
olx$a + «2/3e + a 3 As 
atife + «2/34 + a 3( S 6 
w 2 («i/3 3 + a 2 /3 2 + a 3 /3i) 
w 2 + a 2 (3 3 + a 3 /3 2 ) 
y w 2 (ai(3 2 + a 2 /3i + a 3 /3 3 ) ) 

3i © 3; © 3i © 3"i © 3 2 © 3' 2 © 6 5 © 6 A 



1 ~ a 1^5 + a 2 /3 4 + a 3 /3 6 + a 4 /3 2 + a 5( 5i + a 6/ 9 3 



1' ~ «i/3 5 + a 2 /3 4 + a 3 /3 6 - a 4 /3 2 - a 5 /3i - a 6 /? 3 



2 5 ~ 



«i/3 6 + a 2 /3 5 + a 3 /3 4 + a 4 /3 3 + a 5 /3 2 + a 6 /?i 
w («i/3 4 + a 2 /3 6 + a 3 /3 5 + a 4 /?i + a 5 /3 3 + a 6 /3 2 ) 

«i/3 6 + a 2 (3 5 + a 3 /3 4 - a 4 /3 3 - a 5 /3 2 - a 6 /3i 
-w («i/3 4 + a 2 /3 6 + a 3 (3 5 - a 4 /?i - a 5 /3 3 - a 6 (3 2 ) 



3i 



a 1^ + ua 2 (3 5 + uj 2 a 3 (3 4 - 0J 2 a 4 f3 3 - ua 5 (3 2 - a 6y 5i 
wai/3 4 + w 2 a 2 /3 6 + a 3 /3 5 - ua 4 /3i - a 5 /3 3 - w 2 a6/5 2 
w 2 ai/3 5 + a 2 /3 4 + wa 3 /3 6 - - w 2 a 5 /3i - ua e /3 3 
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3'x 



3i 



3i 



3' 2 ~ 



atil3 6 + tua 2 /3 5 + w 2 a 3 /3 4 + co 2 a 4 (3 3 + cua 5 /3 2 + a 6 /?i 
wai/3 4 + w 2 a 2 /36 + "3/35 + w«4/3i + "s^ + w 2 a 6 /? 2 
w 2 ai/3 5 + a 2 /3 4 + wa 3j S 6 + "4/^2 + ^ 2 a 5 /3i + wa 6 /3 3 

a 1^4 + w 2 «2/36 + wa 3( 5 5 - - wa 5 /3 3 - w 2 a 6/ 52 
wai/3 6 + a 2 /3 5 + uJ 2 a 3 /3 4 - u 2 a 4 /3 3 - a 5 /3 2 - u;a 6( 5i 
u 2 ai/3 5 + wa 2 /3 4 + a 3 /3 6 - ua 4 /3 2 - w 2 a 5 /3i - a 6 /3 3 

«i/3 4 + w 2 a 2 /3 6 + ua 3 /3 5 + a 4 /3i + wa 5 /3 3 + u 2 a 6 /3 2 
wai/3 6 + a 2 /3 5 + u 2 a 3 /3 4 + w 2 a 4 /3 3 + a 5 /3 2 + wa 6 /3i 
w 2 ai/3 5 + ua 2 /3 4 + a 3 /3 6 + wa 4 /3 2 + w 2 a 5 /3i + a 6 /3 3 

«i/3 3 + a 2 /3 2 + a 3 (3i - wa 4 /3 6 - ooa 5 (3 5 - ua 6 /3 4 
+ a 2 /3 3 + a 3 /3 2 - wa 4 /3 4 - wa 5 /3 6 - ^a 6 /3 5 
«i/3 2 + a 2 /?i + a 3 /3 3 - ooa 4 /3 5 - oua 5 (3 4 - cua 6( 5 6 

«i/3 3 + a 2 /3 2 + a 3 /3i + wa 4 /3 6 + ua 5 /3 5 + wa 6 /3 4 
+ a 2 /3 3 + a 3 /3 2 + wa 4 /3 4 + coa 5 /3 6 + cua 6( 5 5 

Q!i/3 2 + a 2 /5l + «3^3 + ^a4/35 + Wa 5/ 5 4 + 
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